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Abstract

Signi�cant progress in image segmentationhas been
madeby viewing the problemin the framework of graph
partitioning. In particular, spectral clusteringmethodssuch
as“normalizedcuts” (ncuts)canef�ciently calculategood
segmentationsusing eigenvector calculations. However,
spectral methodswhenappliedto imageswith local connec-
tivity oftenoversegmenthomogenousregions.More impor-
tantly, they lack a straightforward probabilistic interpreta-
tion which makesit dif�cult to automaticallysetparameters
usingtrainingdata.

In this paper we revisit the typical cut criterion pro-
posedin [1, 5]. We showthat computingthe typical cut is
equivalentto performinginferencein an undirectedgraph-
ical model. This equivalenceallows us to usethe power-
ful machinery of graphical modelsfor learning and infer-
ring image segmentations.For inferring segmentationswe
showthat the generalizedbelief propagation (GBP) algo-
rithm cangiveexcellentresultswith a runtimethat is usu-
ally fasterthanthencuteigensolver. For learningsegmen-
tationswederivea maximumlikelihoodlearningalgorithm
to learn af�nity matricesfrom labelleddatasets.We illus-
trate both learning and inferenceon challengingreal and
syntheticimages.

1. Intr oduction

Many authorshave pointedout that the problemof im-
agesegmentationcanbeformulatedasa graphpartitioning
problem(e.g. [2, 8, 11, 9]). In the typical conversionev-
ery pixel correspondsto a nodein thegraphandpixelsare
connectedto nearbypixelswith aweightededge,wherethe
weightoftendependsonthesimilarity of a local imagefea-
tureat the two pixels. Segmentingthe imageis equivalent
to �nding a partitionof thegraphvertices.

Figure 1. The problemwith minimal cut segmentations.The
trivial segmentationshown on the right haslower cut value than
thedesiredsegmentationshown in themiddle.Normalizedcutand
typical cut aretwo criteriathatavoid thesetrivial segmentations.

How would we de�ne a good segmentation? Wu and
Leahy[11] suggestedtheminimal cut criterion.De�ne:
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where
�

�!�"	#� 
 is the af�nity betweennode � and � in the
graph. The minimal cut criterion �nds segmentationsthat
minimize ���������
	���
 .

Theadvantageof usingtheminimal cut criterion is that
the optimal segmentationcanbe computedin polynomial
time. A disadvantage,pointedout by Shi andMalik [9], is
that it will oftenproducetrivial segmentations.For exam-
ple, sincethecut grows linearly with thenumberof edges
cut,asinglepixel cut from its four nearestneighborwill of-
tenhavealowercutvaluethanalargeforegroundseparated
from background.Figure1 showsanexample.

In orderto avoid thesetrivial segmentations,ShiandMa-
lik suggestedthenormalizedcut (ncut)criterion:
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Since (-),),+-�&�'	�.�
 is relatedto the sizeof group � , the

Normalizedcutcriteriondirectlypenalizespartitionswhere
one of the groupsis small. Thus unlike the minimal cut
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criterion, a segmentationof a single,noisy pixel from the
entireimagewill, in general,notbeoptimal.

Minimization of the ncut criterion is NP Completebut
Shi and Malik showed that an approximatesolution can
be found by computing the eigenvectors of the matrix
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1.1 Typical cuts

Thetypical cut criterionavoidstrivial segmentationsus-
ing a ratherdifferent method. The criterion was �rst in-
troducedby Blatt et al. [1] in the framework of statistical
physics,and was reformulatedby Gdalyahuet al. [5] in
termsof graphpartitioningand imagesegmentation.Un-
like mostgraphpartitioningalgorithms,this oneis directly
basedon a probability distribution over partitions. For ex-
ample,Blatt etal. de�ne aprobabilitydistributionoverpos-
siblepartitionsby:
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where � is a “temperature”parameterthatservesasa free
parameter.

Using this probability distribution, the most probable
partitionis simply theminimal cut. ThusperformingMAP
inferenceunderthis probability distribution will still lead
to trivial segmentations.However, aspointedout by [1, 5],
thereis far more informationin the full probability distri-
butionoverpartitionsthansolelyin theMAP partition.For
example,considerthe pairwisecorrelation�
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 de�ned
for any two neighboringnodesin thegraphastheprobabil-
ity thatthey belongto thesamesegment:
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with � �! #"1�!�"	#�%$��
	���
 de�ned as
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or �)& � and �*& � .
Referringagainto thesinglepixel in �gure 1, while that

pixel andits neighborsdo not appearin thesamesegment
in themostprobablepartition, they do appearin the same
segmentfor thevastmajority of partitions.Thuswe would
expect�
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for thatpixel andits neighbors.
Gdalyahuetal.de�nedthetypicalcutpartitionastheone

de�ned by the connectedcomponentsof the graphwhere
all edgesfor which �

�!�"	�� 
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have beenremoved.
Gdalyahuet al. showedencouragingresultson imageseg-
mentationproblemsusingthiscriteria.

In summary, boththenormalizedcut andthetypical cut
criteria arepromising,principledapproachesto segmenta-
tion. However, while normalizedcut hasbeenusedwidely
for many imagesegmentationproblems,thetypical cut has
not. Mostly this is dueto algorithmicconsiderations.Just

asexactminimizationof thenormalizedcut criterionis NP
complete,exactcalculationof �

����	�� 
 (equation4) is expo-
nentialin thesizeof theimage.While ef�cient approximate
algorithmsfor normalizedcut areavailablethrougheigen-
solvers,to this day, therehasbeenno similar algorithmfor
typical cuts.Both [1, 5] usedsophisticatedstochasticalgo-
rithms whosebehavior for �nite samplesis dif�cult to an-
alyze. In fact, the problemof determiningtheequilibrium
distribution over segmentationsfrom which the algorithm
usedin [5] samplesfrom, is anopenone.

In this paper, we show an equivalencebetweencalcu-
lating typical cuts and inferencein an undirectedgraphi-
cal model. This equivalenceallows us to usethe power-
ful machineryof graphicalmodelsfor inferenceandlearn-
ing. For inference,we show thatgeneralizedbelief propa-
gation(GBP)leadsto a simple,deterministicsegmentation
algorithmwhoserun time is usuallyfasterthanthe eigen-
solver usedin ncuts. For learning,we derive a maximum
likelihoodalgorithmto learnaf�nity matricesfrom labeled
datasets.We illustratebothinferenceandlearningon chal-
lengingrealandsyntheticimages.

2 Typical cutsand graphical models

This paperis basedon the observation that equation3
de�nesanundirectedgraphicalmodelandhencealgorithms
for approximateor exactinferencein graphicalmodelscan
be usedto calculate�

�!�"	#� 
 and can also be usedto learn
af�nities.

An undirectedgraphicalmodelwith pairwisepotentials
(see[13] for a review) consistsof a graph 4 andpotential
functions5
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 suchthattheprobabilityof anassign-
ment 6 is givenby:
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wheretheproductis takenovernodesthatareconnectedin
thegraph 4 .

To relatethis to typicalcutswe�rst de�ne for everypar-
tition �&�'	���
 a binaryvector 6 suchthat 6��!� 
 �#? if �@& �

and 6 �!� 
 �

�

if �8& � . We thende�ne:
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Observation1: Theprobabilitydistribution (equation3)
is equivalentto thatinducedby apairwiseundirectedgraph-
ical model(equation5) whosegraph 4 is the sameasthe
graphusedfor graphpartitioningandwhosepotentialsare
givenby equation6.

This equivalencedescribedabove,holdsfor any number
of segmentsG . Let ���

�

	��

�

	IHJHIH�	��LK 
 beapartitioningof the
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graphinto G segments.De�ne ���������
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 in direct
analogyto equation1, and:
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In the equivalent graphicalmodel formalism, 6 is no
longerabinaryvectorbut rathertakeson G possiblediscrete
valuesandthepotentialsareanalogousto equation6 with

�

alongthediagonaland �

��CD�

�!� ���

��� in all of theoff diagonal
elements.The graphicalmodelde�ned this way de�nes a
probabilitydistributionoverq-waycutsthatis equivalentto
equation7.

2.1 Inferring imagesegmentationsusingGBP

Theobservationmeansthatalgorithmsfor approximate
inferencein graphicalmodelscanbeusedto devisea typi-
cal cut algorithm. We usedthegeneralizedbelief propaga-
tion (GBP)( [13]) algorithmwhich hasbeenshown to give
excellentresultson similar problems.We refer the reader
to [13] for a full descriptionof theGBPalgorithm.

Speci�cally, the GBP typical cut algorithmis given an
af�nity matrix
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 betweenall neighboringpixelsin the
image,anddoesthefollowing:

1. Constructa graphicalmodelwith potentialsgiven by
�
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�	� in theoff diagonaltermsand
�

for thedi-
agonalterms.(seeeq6)

2. Use generalized belief propagation to compute
marginal probabilities over pairs of adjacentpixels
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 from thesemarginal prob-
abilitiesusing:
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3. Removefrom thegraphany edgesfor which �

���"	#� 
 1
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and�nd theconnectedcomponentsof thegraph.

We now give thespeci�c GBP updatesfor the problem
of imagesegmentation. Our input is a 2D grid in which
eachpixel is connectedto its four nearestneighbors.The
algorithmdescribedhereis calledthe “two-way” GBP al-
gorithmin [12].

To apply GBP to our problem,one�rst forms a region
graph. In ourcase,thisgraphcontainsall quartetsof neigh-
boringnodesandall pairsof neighboringnodes.In general,
eachquartetis connectedto � pairsandeachpair is con-
nectedto two quartets.Figure2 shows a small ����� grid
anda portionof theassociatedregiongraph.In thegeneral
GBPalgorithmfor 2D grids, therewill alsoberegionsfor
singlepixels,but dueto the symmetryof the potentialsin
ourproblem,they canbeignored.
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Figure 2. a. A small ����� image.b. A portionof theassoci-
atedregion graph.In generalall quartetsof neighboringpixelsare
connectedto four pairsof pixelsandall pairsareconnectedto two
quartets.GBPpassesmessagesalongbothdirectionsof thegraph.

Along each edge in the region graph, messagesare
passedin both directions. Thesemessagesareprobability
distributions over pairs of pixels. At every iteration, the
messagesentby anodein theregiongraphis updatedbased
on themessagesit receivedat thepreviousiteration.When
all messageshave converged,every pair of nodesforms a
“belief”
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 : anapproximationto themarginalprob-
ability of pixels 6

� and 6

� .
Themessageupdatesinvolve multiplying andsumming

other messages. We give the update rules for a spe-
ci�c pair and quartet. All other messageupdatesare
identical up to a permutation. Referring to �gure 2 we
denoteby �
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Theupdaterulesare:
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In asimpleimplementationof theabovealgorithm,each
messageis a G0� G matrix explicitly representingthe joint
probability of a pair of pixels. For example �

���$� �

�	�

ex-
plicitly representsthe joint labelingsof pixels � and

�3�

.
However, dueto thesymmetryof thepotentials,eachsuch
matrixactuallyonly containstwo distinctvalues:onealong
the diagonal(correspondingto the pairswhere 6

�

� 6

���

)
andanotheroff thediagonal(correspondingto pairswhere

6

��1

�26
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). Thuseachvectorof probabilitiescanberepre-
sentedby a singlescalarnumber(e.g.theratio of theprob-
abilitiesof 6

�

� 6

���

and 6

�+1

� 6

�	�

). By takingadvantage
of this scalarrepresentation,we canrewrite the algorithm
in thefollowing way.

Assumethe message�32
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alongthediagonal,andacertainvalue5
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elements.Hencethe updaterule for �
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 is alsoa
multiplicationof thethreecorresponding5 's.

For a given
�

�!�"	#� 
 the algorithmhasa singlefree pa-
rameter� . This parameterimplicitly de�nes the number
of segmentsin the �nal segmentation.Note that the �nal
outputtedpartition may containany numberof segments,
regardlessof G . For �
	

? all the probability massin
equation7 is centeredon the solutionwhereall entriesof

6 areidenticalandthusthe algorithmreturnsonebig seg-
ment. For ��	
� the probability massin equation7 is
uniformly distributedandthus �

�!�"	#� 
 approaches
�.-

G and
thealgorithmreturnsmany smallsegments.

Note thatevery iterationof theGBP algorithmis linear
in the numberof edgesin the graph,or equivalently, for
nearestneighborconnections,linear in the numberof pix-
els.Wearenotawareof aboundonthenumberof iterations
neededuntil convergencebut we found that for half sized
images(

/

�

?06�� �3? )
�

? iterationsweresuf�cient. Also note
thatwhile our algorithmdealswith probabilitiesit is a de-
terministicalgorithm: unlike former typical cut algorithms
which arestochasticalgorithms,two runsof theGBPtypi-
cal cut algorithmwith thesameinput will give exactly the
sameanswer.

2.2 Learning image segmentationsusing maxi­
mum lik elihood

Many authorshave pointedout thata majorproblemin
segmentationusinggraphpartitioningis how to de�ne the
af�nities betweenpixels (e.g.[4]). Therearemany differ-
ent gestaltcuesfor segmentationincluding color, texture,
contouretc.,anddifferentweightsfor thesecueswill lead
to very differentsegmentations.We would like to usea la-
beleddatasetto learnthe“right” af�nities.

More speci�cally let us assumethe “correct” af�nity is
a linear combinationof a set of known af�nity functions
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. Hencethe af�nity betweenneighboringpixels �
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“basis”af�nity functions

�

2 caneithercorrespondto differ-
ent cues(in which casethe �nal af�nity is a weightedlin-
earcombinationof cueaf�nities) or to nonlinearfunctions
of af�nities (in which casethe �nal af�nity is a nonlinear
combinationof cueaf�nities).

In additionassumewe aregivena labeledtrainingsam-
ple (similar to the Berkeley segmentationdatabaseused
in [4]) in which imagesaresegmentedby hand. For each
imagein thetrainingset,we cancomputethebasisaf�nity
values

�
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����	�� 
 betweenneighboringpixels. Our goal is to
estimatetheaf�nity mixing coef�cients

'

2 .
As we now show this problemcanbe solved usingthe

graphicalmodelde�ned by the typical cut probabilitydis-
tribution (Equation7). Theprobabilityof thepartition 6 is
de�ned
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 is the cut valuede�ned by 6 when
only taking into accountthe af�nity function
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2 , henceit
canbecomputedusingthetrainingsample.

Differentiating the log likelihood with respectto
'

2

givesthefamiliarexponentialfamily equation:
FHGJI
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Equation9 givesan intuitive de�nition for the optimal
'

:
theoptimal

'

is theonefor which 1
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That is, the optimal

'

is the one for which the expected
valuesof thecutsfor eachfeatureseparately, matchexactly
thevaluesof thesecutsin thetrainingset.

Sincewe are dealingwith the exponentialfamily, the
likelihoodis convex andtheML solutioncanbefoundus-
ing gradientascent.To calculatethegradientexplicitly, we
usethelinearity of expectation:
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arethepairwisecorrelationsfor givenval-
uesof

'

.

3 Experimental results

3.1 Infer enceresults

By using GBP to compute the pairwise correlations
�

����	�� 
 weobtainanapproximationof thetruepairwisecor-
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relations. In orderto evaluatethequality of theseapprox-
imationswe comparethecorrelations�

�!�"	�� 
 calculatedus-
ing an extensive MCMC samplingprocedure[10] to those
calculatedusing GBP with the clustersbeing four neigh-
boringpixels in thegraph. Figure3 shows resultsof GBP
approximationsfor a �3?36 �3? 2D uniform grid. The clique
size in a junction tree is of order

/

�

, andhenceexact in-
ferenceis impossible.GBPconvergedin only

�

? iterations
andgivesanexcellentapproximation.
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Figure 3. Scatterplot of pairwisecorrelationsin a ��������� grid,
usingMCMC [10] andGBP. Eachdot correspondsto thepairwise
correlationof oneedgeat aspeci�c temperature.Noticetheexcel-
lent correspondencebetweenGBPandMCMC

Figure 4(b) presentsa comparisonof theMCMC corre-
lationswith thosecalculatedby GBP on a real

��/

? by " ?

image(seeFigure 4(a)) with af�nity basedon color simi-
larity.
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Figure 4. (a) Original image. (b) Scatterplot of pairwisecor-
relationsin the imageusingMCMC [10] andGBP, at onespeci�c
temperature.Eachdotcorrespondsto onepair of pixels.

Wenow comparencutsandGBPtypicalcutsonrealand
syntheticimages.Bothalgorithmsreceivedasinputexactly
thesameaf�nity matrix

�

�!�"	#� 
 . Everypixelwasconnected
to its 4 nearestneighbors,andtheweightwasonly a func-
tion of theabsolutedifferencebetweenthe RGB valuesin
thetwo pixels:

�

���"	#� 
��

�

�

/

�

�	�

�

	

5

�

	

	

�




�

�	�

�

	

5

�

	

	

�




�

�

We shouldemphasizethat theseaf�nities are certainly
not the optimal af�nities to use for image segmentation:

they only take into considerationcolor andnot texture or
contourand the radiusof connectionsis very small. Our
goal herewasnot to build a state-of-the-artsegmenterbut
ratherto understandthedifferencesbetweenthevariousal-
gorithms,andto demonstratetheir capabilities. Undoubt-
edly, both ncutsandGBP typical cut would improve with
better

�

�!�"	#� 
 andwith higherneighborconnectivity.

For GBPtypical cut we choseG

� � for all imagesand
the temperaturewasadjustedmanuallyto achieve the de-
sirednumberof clusters.For ncutswe usedthe 
 -way al-
gorithm describedin [9]. Speci�cally, we calculatethe 


largesteigenvectorsof thematrix � �
���	�

�

�������	� andem-
bedevery pixel in a 
 dimensionalvectorspace.We then
ran the Kmeansalgorithmsin the vectorspaceto give the
Normalizedcuts segmentation. We ran Kmeans

�

? times
andchosethe clusteringthat gave lowestdistortion. The
freeparameter
 wasadjustedmanuallyto achieve thede-
sirednumberof clusters.

When running Both ncut and GBP typical cut on the
noisyedgeimagedescribedin the introduction(Figure 1)
bothalgorithmsavoid the trivial segmentationof themini-
malcutalgorithmandoutputthecorrectsegmentation.

GBP-cut intial potentials GBP-cut pairwise correlations

GBP-cut intial potentials GBP-cut pairwise correlations

GBP-cut intial potentials GBP-cut pairwise correlations

Figure 6. A comparisonof the edgeprobability mapsbefore
andafterrunningtheGBPtypicalcutalgorithm.Edgesin thegraph
appearin locationswhere�
��������������� � . Note thatedgesthatdo
notdenotealargeregionbut haveastronggradient(e.g.theripples
on thewaves)have �
��������������� � andthereforedisappearfrom the
resultingedgemap.

5



T-cut T-cut clusters N-cut N-cut clusters

T-cut N-cut N-cut clusters

T-cut T-cut clusters N-cut N-cut clusters

(a) (b) (c) (d)
Figure 5. A comparisonof segmentationresultsusingGBPtypical cut (columns(a) and(b)), andNormalizedcut (columns(c) and(d). Both
algorithmsusedthesameaf�nity matrices.(a)and(c) show the15 largestclusterboundariessuperimposedon theoriginal image.(c)and(d) show a
graylevel mapof the15 largestclusters.As maybeseen,theNormalizedcut algorithmtendsto split largehomogeneousregions.

Figure5 shows the results2 on threereal imagestaken
from [6]. We emphasizethat we choseimagesthat con-
tain largehomogeneousregionsto highlight thedistinction
betweenthe two algorithms. It is known that ncutswith
local connectivity will tendto favor splitting homogeneous
regions(e.g. [3]). In the appendix,we analyzencutsand
typical cutsfor a simplesyntheticimagewith homogenous
regionsandshow thattypical cutswill notoversegmentthe
large homogenousregion. What happensin real images
with homogenousregions?

Asshown in �gure 5,ncutsindeedtendsto favorsplitting
of large homogeneousregions while the typical cut does
not. At thesametime, theGBP typical cut algorithmalso
outputssomesmallnoisyclusterswhich thencutalgorithm
avoids. Which of thesetwo errorsis moreimportantis, of
course,applicationdependent.It canbeseenthat, theseg-
mentationsobtainedby usingtheGBPtypical cut aremore
meaningful:onecanrecognizetheairplane,palmtreeand
eyesin thesecondcolumnof �gure 5 but not in the fourth
column. It shouldbenotedthat for theseimages,theGBP
implementationwasanorderof magnitudefasterthanMat-
lab'seigseigensolver.

To get a betterunderstandingof how GBP typical cut
works,we displayin �gure 6 theoptimaledgeguessesbe-

2WethankMarshallTappenfor providing aC++ GBPimplementation.

fore andafter runningGBP. The“before” columnshows a
white pixel wherever theprobabilityof anedgebasedonly
on the local color gradientis greaterthan ?��

�

. The “after”
columnshowsawhitepixel whenever �

���"	#� 
 calculatedus-
ing GBP is greaterthan ?��

�

. Note that edgeswherethere
is a signi�cant color gradientbut do not denotea boundary
betweentwo large regionsaresuppressed(e.g. the ripples
on thewaves).

3.2 Learning results

We experimentedwith theML learningalgorithmonthe
problemof ignoring shadows. Whenoneusescolor simi-
larity betweenpixels,thelargestdifferencesbetweenpixels
may be dueto shadows. Whetherwe want our algorithm
to indeedsegmentbasedonshadowsor ignoretheshadows
is, of course,applicationdependent.Thispreferencecanbe
communicatedusinga training set: when the training set
ignoresshadows we would like our algorithm to learn to
ignorethem,but if thetrainingsetsegmentsbasedonshad-
ows,wewould like thealgorithmto do thesame.

Fig 7 shows a syntheticexample. Thereis onetraining
image(�g 7a) but two different segmentations(�g 7b,c).
The�rst trainingsegmentationis basedon theshadowsand
thesecondtrainingsegmentationignoresshadows.
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Thethreeaf�nity functionsusedherearebasedoninten-
sity differencesin the three �

	

4

	�� channels.Theaf�nity
is an af�ne function of the intensity difference. We used
gradientascentas given by equation9. Figure 7c shows
a novel image and �gures 7d,e show two different pair-
wisecorrelationsof this imageusingthelearned

'

. Indeed,
thealgorithmlearnsto eitherignoreor not ignoreshadows,
basedon thetrainingset.

Figure8 shows resultson real images.For real images,
we found that a preprocessingof the imagecolors is re-
quiredin orderto learnshadow-invariantlineartransforma-
tion. This wasdoneby saturatingthe imagecolors. The
trainingsegmentation(shown in �gure 8a-c)ignoresshad-
ows. On the novel image(shown in �gure 8d) the most
salientedgeis a shadow on theface.Nevertheless,theseg-
mentationbasedon the learnedaf�nity (�gure 8e) ignores
the shadows and segmentsthe facial featuresfrom each
other. In contrast,a typical cut segmentationwhich usesa
naive af�nity function(combiningthe threecolor channels
with uniform weights)segmentsmostlybasedon shadows
(�gure 8f).

(a) (b) (c)

(d) (e) (f)

Figure 7. A syntheticexamplefor learningthe af�nity func-
tion. The top row presentsthe training set: The input image(a),
theclustersof the �rst experiment(b), andtheclustersof thesec-
ond experiment(c). The bottom row presentsthe result of the
learningalgorithm: The input image(d), the marginal probabili-
ties � ��� � � � (Eqn. 4) in the �rst experiment(e) and the marginal
probabilities� ����� ��� in thesecondexperiments(f).The illustration
is betterviewedin color.

4 Discussion

The introductionof graphpartitioning techniquesinto
imagesegmentationhasbeentremendouslyhelpful. In par-
ticular, thencutsalgorithmhasgivenexcellentperformance
over a wide rangeof images. This is dueboth to the cri-
terionwhich avoids trivial segmentationsandto thesimple
eigenvectoralgorithm. In this paperwe have presenteda
new algorithm:GBPtypicalcutwhichin termsof complex-
ity is usuallyfasterthantheeigenvectorncut. We showed

(a) (b) (c)

(d) (e) (f)

Figure 8. Learninga color af�nity functionwhich is invariant
to shadows. The top row shows the learningdataset: The input
image(a),thepre-processedimage(b) andtheclusteringto regions
(invariant to shadows) (c). The bottomrow presents,from left to
right, thepre-processedinput imagefor theclassi�cationstage(d),
anedgemapproducedby learningtheshadow-invariantaf�nity (e)
andanedgemapproducedby a naive af�nity function,combining
the3 color channelswith uniform weights(f). Theedgemapwas
computedby thresholdingthepairwisecorrelationsp(i,j) (Eqn.4).
Theillustrationis betterviewedin color. Seetext for details.

that the algorithmavoids the trivial segmentationsof min
cutsbut alsoavoids theoversegmentationof homogeneous
regionsthat may plaguencuts. Another importantadvan-
tageof theGBPtypical cut, is that it comeswith a simple,
probabilisticframework,whichnaturallyallowsusingvari-
oussimplealgorithmsfor estimatingthemodelparameters
aswehavedemonstratedin this paper.

Althoughpromisingresultshave beenpresentedfor the
problemof learningaf�nities from groundtruth segmen-
tations in the ncut framework [7, 4] it is far from obvi-
oushow to change

�

�!�"	�� 
 so that thencut segmentations
will giveboundariesthatagreewith thehumanboundaries.
This is trueevenwhenoneadoptstherandomwalk view of
ncutsproposedin [7]. In contrastML estimationfor undi-
rectedgraphicalmodelsis very well understoodandgives
a straightforwardmethodto learnaf�nity matricesfrom la-
beleddata.

Our currentwork of maximumlikelihoodestimationfor
the af�nity matrix

�

�!�"	#� 
 is just an exampleof the type
of researchdirectionsthat openup oncewe have a graph-
ical modelanda criterion that is optimal for segmentation
giventhatmodel.Weview theGBPtypicalcutalgorithmas
a bridgebetweenthe imagesegmentationproblemandthe
powerful machineryof graphicalmodels.
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A Appendix: Analytical comparison on im-
balancedsegmentations

In this sectionwe analyticallycomparetheperformance
of optimal ncutsto optimal typical cuts on a classof im-
balancedimageswith nearestneighborconnectivity. It is
known that ncutswill have troubleundertheseconditions
(e.g.[3]) but will theseproblemsalsoplaguetypical cuts?

Supposeour input imageis asshown in �gure 9. There
is a single,square�gure � of size � ��� embeddedin a
uniformbackground� of size �3��� . Assume

�

�!�"	�� 
��

�

for any two neighboringpixelswith thesameintensityand

�

�!�"	#� 
 �

�.-

� for two neighboringpixelsacrossan inten-
sity boundary. Considersegmentingthe backgroundinto
two regions �'	�� thenwehave(ignoringboundaryeffects):
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Observation1: For �

+'+

� optimal Normalizedcut
with theseweightswill prefercutting the backgroundinto
equal piecesover segmenting the �gure from the back-
ground.

The proof is straightforward: for a �x ed � as � grows
$

���������
	���
 will approachzerowhile
$

���%���

�

	��1
 will ap-
proach

�.-

� � .
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Figure 9. A simpleimageonwhichwecancalculatetheperfor-
manceof optimalNormalizedcutsandtypical cutswhenbothal-
gorithmshavenearestneighborconnectivity. As thesizeof theim-
agegrows, optimalNormalizedcutswill prefersplitting theback-
groundin half insteadof segmentingthe�gure from ground.Typi-
cal cutswill alwaysprefersegmentingthe�gure from ground.

How dependentis thisresultonthenearestneighborcon-
nections?Notethataslongasthenumberof connectionsof
eachnodeis boundedabove(orevengrowssublinearlywith

� ) thesameargumentholds.Notealsothatthis resultis not
restrictedto normalizedcuts.It alsoholdsfor ratio cuts[2]
(whereone minimizes ���%���&�'	���


-��

�

�

5	�

����� 
 ) as long as
weight � increaseswith thenumberof elementsin � .

Observation2: As � growsoptimaltypicalcutwill never
preferto split thebackgroundinto two ratherthansegment-
ing the�gure from thebackground.

To prove this considera point �

�

& � anda neighbor-
ing point �

�

& � . Denotetheir correlationasa function
of � by �

���

�

	#�

�

$

�


 . Similarly, considera point ��
 &

�

�
� & � anddenotetheir correlationby �

�!��
 	#�
�'$

�


 . What
happensto thesecorrelationsas � grows? Note thataswe
increase� thelocalsubgrapharoundthese4 pointsdoesnot
change:neitherthetopologynorthepotentials.Wearesim-
ply addingnodesto thegraphthatareincreasinglyfaraway
from these4 points. Sincetheadditionalnodeareincreas-
ingly far away from the4 points,their in�uence decreases
as � increasesand�

�!�

�

	��

�

$

�


 ,�
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	#�
�

$

�


 will tendto an
asymptoticvaluethatis independentof � .
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