2. Accelerated Failure Time Model

e Accelerated failure time model (AFTM)
— failure time T

— linear regression model on log-transformed 7'

logT = —B'Z +¢

— (3: regression parameter - ratio of failure time per unit change in covari-
ate

— €: random error with unspecified distribution

— directly modeling on failure time



e Alternative form 1 (in survival functions):

Sit|Z)=Pr{T >t| Z} =Pr{logT > logt| Z}
=Pr{-g81Z4+¢>logt| Z}
=Pr{exp(e) > texp(8 Z) | Z} = So(texp(B! 2))

e Alternative form 2 (in quantile functions):

Q(p | Z) = Qo(p) exp(—p' 2)



e Alternative form 3 (in hazard functions)

S(t | Z) = So(texp(8' 2))
o dlogS(t|Z) _ dlogSp(t exp(8L'2))

dg dg
= A\t | Z) = Xo(texp(8' Z))exp(B! Z)

— cf. proportional hazards model

At | Z) = Xo(W)exp(8' Z)

— the only difference is additional time-scale change in hazard function



e Estimation:
— data: {(Xu A, Zi),i =1,2,... ,n}
— assumption: conditional independence

— how do we estimate 57

e Can we use QPS approach?
— assume one-dimensional 3

— calculate the score function for g as if Ag(-) were known



e How do we estimate \g(-)?
— first consider the QPS approach for the proportional hazards model

— since E[dM;(u; Bg)] = 0, let’s consider
n n R
Y dNj(u) =) Yi(w)A(u | Z;)du
i=1 i=1

n
= > Y; (w) Ao (ue0%i)eP0Zidy,
1=1

— it seems there is no easy way to factor out A\g(+) for a solution of this
equation

— but how about let’s replace u with ue—P0Zi?



— alternatively, consider

Fi = o{Ni(se P0%i) Y;(se 0%, Z;;s < t,i=1,...,n}

— then

E[dN;(ue %) | 7, ]
= Y;(ue P0%)dA(ue 0% | Z,)
— Yi(ue_[gOZi)A(ue_[SOZi | Zi)e_QOZidu
= Y;(ue PoZi) \g(ueP0%i . PoZi) . ePoZic—BoZigy,

= Y; (ue P0Z%i) xg (u) du
— hence we can use
mn mn R
> dNi(ue_ﬁzi) = > Yi(ue_ﬁzi))\g(u)du
i=1 i=1

to solve for Ag(-):

tS°; dN; (ue=P%i)
0 3;Yi(ueF%)

No(t; B) =



— about Ag(-; Bp):

t>; dN;(ue PoZ) — rtn=1 5 dN;(ue™PoZi)
/0 > Y (ue=PoZi) _/0 n=13; Y;(ue=PoZi)
t EdN (ue P0%)
0 EY (uePo?)

= No(t)

—D

e What equation shall we use to estimate 37

— now let’s consider the score for 3

'(B) = Z / 9109 )\(?Lﬁ' Zz’ﬁ)dMi(U;ﬁ)




— whatis 0log A\(u | Z;; 8) /037

dlog{ g (uel%i)eP%i} 0 87 |
Y = aﬁ{log Ao(ue”“t) + BZ;}

/ Z;
R
. A{)(ueﬁzi)ueﬁzi
L Ao(ueP4)
= W(ueﬁzﬁ')Zi
X Z;

+ 1|2

where W (-) is considered as weight function



— for simplicity, first consider W (w) = 1 and plug in Ag(-; 3)

z;/O Zi{dN;(u) — Y;(u)M(u | Z;)du}

n m - . —_ .
= Z /O Zi{dNi(ue_ﬁzi) — Yi(ue_ﬁzi))\(ue_ﬁzZ | Z;)d(ue 52@)}
1 =1
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— hence, to estimate 3, we shall set
n 00 _ 7.
Su(B) =3 [ 12— Z(u; )] dNy(ue %) = 0
i=1
for a solution 3

— whatis Sp(3)?

OEDY | 2 - Ze?; )] ani(w)

— z”: AVEV AR > Z5Yj(XeP%i eﬁzj)]
i=1 > Yi(Xeb%i - e=P%)

— z”: N; | Z; — 2.j ZjI(Xjeﬁzj = XieﬁZi)]
= >, 1(X;eP%i > X;ePZi)

I, %Zi{e(B) > ei(B)}
i He(8) > g(8))

[
b

&
|
Y

— this is linear rank test for 3 = 3



e Whatif 3 = 0?

n
S A |2 -
1=1

which is log-rank statistic

=YY A ,
> I(X eP%i > X;ebZi) 2. > Yi(X5)

> ZjI(Xjeﬁzj > Xieﬁzz')] n i [Zi Y Z;Y;(X;)
1=1

e What do we learn from this seemingly long derivation yet full of coinci-
dences?

— the O — E routine works
— time-scale can be changed with appropriate filtration

— risk set structure is preserved



e Accelerated failure time model:

logT = —381Z + ¢

e ([B—estimation: solve

Su(B) = 3" 12— 2(u; B} dNy(ue %) = 0,

i=1
where
5; 25 (ue™ %)
35 Yj(ue %)

Z(u; B) =



e Sn(B):

5.(3) = i Alz > ZiI{ej(B) > Ei(ﬁ)}] |
i=1

> H{e;(B) = €(8)}

which is a function of the ranks for residuals, ¢;(8) = log X; + 3Z;
e What is the difficulty?

— Sn(B) changes only when ranks are altered for at most <72”) times

— Sn(pB) is not a continuous function of 5 for a given n but a step function

— the usual Taylor series expansion does not work



e How do we show the asymptotics of 3?

— asymptotic linear approximation

1. find a neighborhood of 3
2. approximate S, (3) by a close enough S,,(3) linear in 3
3. solve Sp(B«) = 0: nt/2(By — Bo) —p A (0,02)

4. then show: n1/2(3 — 3,) —p O



Proof outline
— for simplicity, assume Gg = 0: A\;(t) = A(t | Z;) = Ag(2)

— notice that
5, Zj¥j(ue” %)
Zj Yj(ue_ﬁzj)

x since Z(u; B) =

+ therefore

_ n 00 '_Zij}/j(ue_ﬁzj) ' 8z,
2 s {Zz SO M
_ < <, . —BZ;

_; /O Ao (w)Y;(ue A% du

X )\O(u)Yi(ue_ﬁzi)du =0

& 0 % Z5Y(ue” )
z;/O Zij(W_ﬁzj)



— consider arbitrary 3 in a neighborhood of U (0):

50(9)
= Z - 2 ) aviue )

Y J, (7= 2 o)HaNiCue™?%) — Yicue P)ani(ue )
Z/ (Z; — Z(w; B)} Yi(ue P2 (N (ue PZ0)e P2 — \g(u)}du
i [} 2 20 antcue

+ 3 77 2 00} it P (e e = Ao

_Term I + Term |l



— Term I;

; |42 = Z(u; )} (ue %)
=3 | {2 - Z(ue: 8)} ans(u)

- B € U(0) = Z(ueb%; B) ~ Z(u; B)

— therefore, Term | is approximated by S,,(0), i.e., S (8) at true 3o = 0O



e lerm ll;

) /OOO {Z; — Z(u; B)} Yi(ue P4){No(ue P4)e P4 — N (u)}du
i=1

8{)\0(u6_6zi)6_62i}

— 0)d
5 ARCEL

~ Sl 7w (uePZi
~;1/0 (Z; — Z(u; B)} Yi( )

O{ o (ue P%i)e—P%i}
op

T — (M (wu+ Ao(w)}Z; = —{Ao(u)u}' Z;
=0

e Term |l can be approximated by
1 [ > Z
—nBxn 'Y [T {ro(uy 2 {Z; - Z(ui )} Yi(ue ¥ du
i=1

= _—nBxnt > /OOO{)\O(u)u}/ (Z; — Z(u; ﬁ)}2 Y; (ue %) du
1=1



e Term |l can be approximated by
g xn Y [T oG (2~ 2w )2 Vitue )
i=1
o let B(u; 8) = E[{Z — Z(u; B)}° Y (ue=9%)]

e then Term Il can be further approximated by —n3A(0), where

A(0) = /O “Do(w)u) B(u, 0)du



e in summary of approximation
— Term I: S,,(0)
— Term Il: —nBA(0)

- Sn(B):
Sn(B) = Sn(0) — nBA(0)

is a linear function of 8 € U(0)

— denote 5(B«) = 0, i.e.

—1/25« (O)
1/25 _ 1 n
P A(0)

— therefore
n'/26, —p A4 (0,0%)



e How to show n1/2(3 — 3,) —p 0?
— this is basically to show that 3, if exists, shall be consistent

— such consistency then requires sufficient closeness of S,,(3) to 5, (3):

sup  n 1/219,(8) — 5.(8)| —p O
|B|<cn_1/2

for any constant ¢ > 0O



— to establish this condition
1. pointwise convergence: for any fixed d > O

n1/2|8,(n"2d) — 5 (nY2d)| —p O
2. for a fixed set of d; forminga mesh dpg < d1 < ... < dm:
maxn~Y2Sy(n"2d;) — Sn(n~12d)| —p O
1=
3. n=1/25,(B) does not fluctuate within any interval in the mesh

— Since n=1/28,(0) —p A4 (0, 52) by MCLT,
nl/28 —p 4 (0,02/A(0)2)

— Ref: Tsiatis (1990, Ann. Stat.)



e Variance calculation

— how to calculate A(0) = [§°{Ag(u)u} B(u, 0)du, which involves the
baseline hazard function and its derivative?

« direct approach: kernel density estimation recommended to estimate
baseline hazard function

x Simulation approach

+ bootstrap approach



— Weighted estimation

SW(B) =S Wa(u; 8) {Z; — Z(u; B)} dN;(ue P%) = 0,
1=1

x Wn(u; Bg) is F#-measurable and converges uniformly in probability
to a deterministic function w(u)

* Wp(u) = 32, Y;(u)/n: Gehan-Wilcoxon
x+ Wn(u) = Sy (u—): Prentice-Wilcoxon

+ Wn(w) = {Sky(u=)}P: GP-family



— Asymptotic properties on weighted estimators B,,VLV for a general 3g
n'/2(B) — Bo) —p A (0,0%(w)/A(w)?)
« oy = J§° w(u; Bo)?A(u, Bo)A(u | Z)du
« A(w) = [§°w(u; Bo) A, Bo) {A(u | Z)u} du

— By Cauchy-Schwarz inequality, optimal weight function should be pro-
portional to

{Au | 2)u} _ {Xo(ue)u}’
AMu | Z) Ao (uebZ)
. {)\’O(ueﬁz)ueﬁz}
B [ Ao (uef?)
4 {log Ao(ueP?) + 52}

:8 log A(t | Z)

op

—|—1]Z




Partial likelihood for AFTM

— data: (X;, 2;, Z))

- ¢;(B) = log X;+B7Z; = min{logT;—6Z;,109 C;—BZ;} = min(e;, d;)
— A; = 1fore; < d;and 0 fore; > d;

— for a known 3, data reformulated as (e;(8), 4;, Z;).

— when 8 = (g, log T; + BgZ; follows same distribution as if

At | Z;) = Xo(t) exp(vZ;)
fory =10

— partial likelihood score function for ~:

> ZjI{e;j(Bo) > €;(Bo)}
> I{ej(Bo) > ei(Bo)}

n
> Di|Zi—
1=1



e Time-dependent covariates Z(t) = {Z(s),0 < s < t}

— hazard-based model

Mt Z(0) = Ag [ /O ' exp{BZ(u)tdu| exp{BZ (1)}

e References:
— Cox & Oakes (1984, p.66)
— Robins & Tsiatis (1992, Bmka)

— Lin & Ying (1995, JSPI)
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