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Chapter 2. Parametric methods

1. Parametric distributions

2. Likelihood functions and MLE



Parameter estimation: maximum likelihood estimation (MLE)

— likelihood function:
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e Calculation of MLE’s error bound
— 6 is the true value of parameter 6

— nY/20ge — 0g) ~4 A (O,nI"1); I = —EI"(6p) is the
Fisher information

— estimate asymptotic standard error by s.e. = [I—1(Ou.e)] /2

— 95% confidence interval: Oy g + 1.96 x s.e.



e Example: One-sample estimation in T; ~ exp(\)
— data observed: {(z;,9;);1 =1,2,...,n}
— likelihood function: .Z()\) = [I;(Ae~A%i)% (e~ %i)1-0
— score function: I'(A\) = >,(6;/\ — x;)
—MLE: XN =Y,6;/ Y@ =d/ Y x5 (d = Y; d;)

— variance: I""(\) = —d/)\? = var()\) = [-EI"(\)]7! =
22 /d

- se(N) =A/Va

— an application: estimate mean or median survival in exponen-
tial model



e Asymptotics on MLE
— score function: U(0) = U'(0) = [log Z(0)]
x unbiased estimating equation: EU(0) = 0
« efficient: 1(9) = EU(0)2 = EU"(6)
-~ MLEG: U(A) =0
— Delta-method

U(9) — U(p) ~ U'(60) (0 — 00)
=nl/2(0 — 6p) = —[U'(6)/n] ™ - n~ 12U (09)

+ n~ LU (0y) is consistent, goes to I(6p)
x+ n~1/2U(6,) is asymptotically normal .4 (0, nI(6p))

- 0 —6g~ A (0,1(60)"1)



e Hypothesis testing of Hy : 8 = 6p, p = dim(6)
— score test: U(0p) 1(00) ~1U(6p) ~ X3
— Wald’s test: (8 — 00)TI(00) (8 — 80) ~ x>

~ likelihood ratio test (LRT): —210g[Z(00) /£ (0)] ~ x2



e Hypothesis testing on a subset of parameters Hg : 61 = 019
- p1 =dim(f1) <p
- 0 = (01,02)
— example: test adjusted treatment effect (1) for covariates (65)
— score test
«+ U(01,02) = [U1(01,02),U2(01,062)]
x solve Us(610,602) = 0 = 6> = 65(61p)
+ define U1(010) = U1 (010, 02(610))
+ define I11(010) = I11(010,02(010))

x U1(010)"111(010)U1(010) ~ X,



— likelihood ratio test

« —210g[.Z (610, 02(610)) /L (D)] ~ x2



Chapter 3. Kaplan-Meier Curve and NPMLE
1. ldentifiablity: noninformative versus independent censoring
2. Nonparametric estimation: Nelson-Aalen and Kaplan-Meier estimators

3. Asymptotic theory



1. Identifiability

e Goal

— Estimate the population distribution from observed data
— Specifically, how to estimate S(t) = Pr{T >t} = E[I(T > t)]?

e Observed data
1. no censoring: {7;;¢ = 1,2,...,n} randomly drawn from population
— empirical/moment estimator

S =1 >0

2. Censoring: {XZ = min(Ti, CZ), N, = I(TZ’ < CZ)}
— what is a good estimator?



e \What do we observe?
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e (T.C) = (X,A)

e (X, A= (T,0)?



e Conceptually
1. S@) =Pr{T >t} = [[°Pr{T >¢,C = u}du

2. but for any given u, Pr{T > t,C = wu} is nowhere identifiable for any ¢
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e \What can we estimate?
1. At-risk probability: Pr{X >t} = E[I(X > t)] = E[Y (t)]

2. sub-distribution functions

X<t Fi#)=Pr{X<t,A=0} Fi{t)=Pr{X<tA=1}

X>t S§it)=Pr{X >t A=0} Sit)=Pr{X>t,A=1}

(D) = dES(0)/S(Ddt Ai(1) = dF;(0)/S()dt

e noninformative censoring
- AN(@) =A@) =

exp{—/ S(u)_lde(t)} = exp{—/o Xi(u)du}
0
= exp {— /tk(u)du} = S(t)
0



e independent censoring
— whenever Pr{X >t} >0
ANM(@)dt =Pr{t< X <t+dt,A=1]|X >t}
=Pr{t<T<t+dt, T<C|T>t,C >t}
=Pr{t<T<t+dt,t<C|T>t,C>t}
=M1 (¢t)dt

— independent censoring implies noninformative censoring



e Example 1
— (T, C)’s joint distribution
Pr{T >t,C > s} = exp(—\t — us — 0ts),t > 0,s >0
- X(t) = A+ 6t
— Ar(t) = A, Sp(t) = exp(—At)
— 6 = 0: (T, C) are independent

e Example 2
— (T, C)’s joint distribution
Pr{T >t,C > s} = exp[-At — us — 0(t* + s%)/2],t > 0,5 >0
- () =x+6t
— Ap(t) = X+ 6t, Sp(t) = exp(=Xt — 0t?/2)

— noninformative censoring but not independent for 6 %= O

e noninformative censoring is not verifiable if completely nonparametric



2. Nonparametric estimation

e Observed data
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e Atfailuretimest; <to < ... <tk to =0andtyy; = oco:
1. n; at-risk immediately prior to ¢;
2. d; failed at ¢;

3. m; cencored between [t;,t;41)



e Likelihood contribution
1. failure t;: Pr{T =t;} = Pr{T > t;} — Pr{T > t;} = S(t;—) — S(¢;)
2. independent censoring t;;: Pr{T" > t;;} = S(t;),l=1,...,m;

3. total likelihood
k

z9) =1]] {[S(tj—) — S(t)]* H S(tjz)}
=1

J=0

e Nonparametric maximum likelihood estimation (NPMLE)
maximize -Z(S) with respectto S: S = arg maxs .Z(S)
S(t) has to be discontinuous at t;; otherwise S(t;) — S(t;—) =0

ti > t;, S(t;) < S(t;) = max S(t;) = S(t;)

S

S should be a step function with jumps at ¢;



How to choose jump sizes to maximize £ (S)?

1.
S(tj) = P{T > t;} = Pr{T > t;11}
_P{T>t41} PHT >t} Pr{T >t} Pr{T > 11}
Pr{T >t;} Pr{T >t;_1} Pr{T > t1} -

_ |, Pr{T= tj}] ..... [1 ~ Pr{T' =1t}
Pr{T > t;} Pr{T >t}

=1[a -2

=1

2. S(t;—) =[5 (1 = ) = [S(-) = SENI* = A7 T[22 - A)*
3.

k j—1 j k
2 =]] [A?] [[a-2w*]]a- Az)m]] = Hkgj(l — X))
J =1 =1 j

4. X =dj/n; = S(t) =], -,(1 — d;/n;) is the NPMLE.



e Error bound of Kaplan-Meier estimator
1. log S(t) = Dt < 109(1 — )
2. varllog S()] = 32, (1 = Ap~var(L = X)) = 3, , dj/Inj(nj — d)]
3. var[S()] = S(1)2 Y, ., dj/[n;(n; — dy)]
e Example
— Carcinogenesis data, p. 2

— Kaplan-Meier estimate, p. 16-17
— Kalbfleisch & Prentice



e Kaplan-Meier estimator

§(t) = H (1 — ﬁ) I~ He_%‘ = e_z’fz‘“’%

n .
t;<t J t;<t

e Assume 7' is continuous = d; = 1 mostly
1. dj = N(t;) — N(t;—) = dN(t;)
2. nj =Y (t;) >0

3. Y = [ 1Y (W) > 0)AN (u) /Y (u)

e Nelson-Aalen estimator

At) = —log 5(t) = /O I (Y(U)Y>( 5))dN (u)





