e What is the asymptotic (limiting) distribution of

Un(t) = ; /O H;(w)dM;(w)

e Answer: Martingale Central Limit Theorem (MCLT)
— U,(t) = Uon (D[O,T],.Y)
— U is a time-transformed Brownian motion
1. EU(t) =0
2. var{U(t)} = limy—oc < Upn, Uy, > (1)
3. independentincrement: U(s) and U(t)—U((s) are independent for s < ¢

e Assumptions
— convergent variance: < U,, U, > (t) — v(t)

— smoothness (no spikes): < Uy ¢, Up e > (1) — 0 for any e > 0O, where

Une® = 3 [ H@I(H)] > dii(w)
i=1"0



e Asymptotics of Nelson-Aalen estimator
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e Example: calculate E[dN(t) | %]

1.

> W N

dN(t) =0or1

E[dN(t) | -] = Pr{dN(t) = 1| %}

ifY(t) =0==Y (=) =0,then Pr{dN(t) =1|.%_} =0

ifY(t) =1=— Y (t—) = 1, then
P{dN({#)=1|Z_}=Pr{it< X <t+dt,A=1|X >t}

X =min(T,C) >t T >t,C >t if Tand C are independent, then
Pr{dN(t) =1| % }=Pr{t <T <t+4dt|T >t} = \(t)dt

. E[dN(t) | Zi—] =Y ()A(t)dt
. M((t) = N(t) — fg Y (u)A(u)du is a martingale



e \What can we estimate?
1. At-risk probability: Pr{X >t} = E[I(X > t)] = E[Y (t)]

2. sub-distribution functions

X<t Fi#)=Pr{X<t,A=0} Fi{t)=Pr{X<tA=1}

X>t S§it)=Pr{X >t A=0} Sit)=Pr{X>t,A=1}

(D) = dES(0)/S(Ddt Ai(1) = dF;(0)/S()dt

e noninformative censoring
- AN(@) =A@) =

exp{—/ S(u)_lde(t)} = exp{—/o Xi(u)du}
0
= exp {— /tk(u)du} = S(t)
0



e independent censoring
— whenever Pr{X >t} >0
ANM(@)dt =Pr{t< X <t+dt,A=1]|X >t}
=Pr{t<T<t+dt, T<C|T>t,C >t}
=Pr{t<T<t+dt,t<C|T>t,C>t}
=M1 (¢t)dt

— independent censoring implies noninformative censoring
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