Summary on One-sample Nonparametric Estimation

Two estimators
1. Kaplan-Meier estimator

2. Nelson-Aalen estimator
Connection with life-tables

Asymptotics
1. counting processes & martingales
2. martingale central limit theorem

3. functional Delta method

Yet to be covered:
1. small-sample properties: (Fleming & Harrington)

2. optimality: Wellner (1982, Ann. Stat.)



Chapter 4. Comparing Survival Curves
1. Log-rank statistic
2. weighted Log-rank statistics

3. Sample size calculation



1. Log-rank statistic
e Goal: test equality of survival functions

e Review on Mantel-Haenszel method
— study association between Y = 0/1 and X = 1/2 stratified by Z = 0/1

— multiple 2x 2 tables

Z X Y=1 Y=0
Z=0 X=1 01(E1)
X =2
Z=1 X=1 03(E»)
X =2

— prototype M-H test statistic

C©O-B)
Svar(0) M




e Two sample log-rank test statistic

t X Y =1 Y =0 N
t=tqy X=1 D11 Yi1—Diu1 Y1
X =2 D24 Yo1 — D21 Y21

Dy Y1 — D Y1

D1y, Yip — D1 Yk
Yo — Do, Yoy
Dy, Y, — Dy, Yy

t = t(k)

4
[
N~
%

— test statistic
{3, (D1 — E1x) }? -
S, var(Dyy) 1

— assumptions
1. Dig ~ B(Y1r, A1) and Doy, ~ B(Yag, A2)
2. Given Dy, Dy} is hypergeometric
Dy Y. — D Y.
(D1 (var - D)/ (y3,)

3. EDq. = Dk;Ylk;/Yk;, var(le) = Y]_k;YQk;Dk;(Yk; — Dk;)/[YkQ(Yk; — 1)]



— example: Breast cancer prognosis (D. Collett)

— issues
1. when would the log-rank test be most powerful?

2. when would the log-rank test be least powerful?

3. does it take into account the actual time?



e Extension to multiple samples

t X Events No Events N
t=twy X=0 Do Yo — Dor  Yor
X=1 D1y, Yir — D1x  Yig

X=7 Djp  Yu—Dj Y
X =m Dmk Ymk: — Dmk: Ymk:

D, Y. — D Y

e assumptions:
1. D]k: ~ B(Y?kZ))\kZ)v] — 0717"'7m

2. Given Dy, (Dog, - . ., D) IS multivariate hypergeometric

(o)~ (o) / (1)



t X Events No Events N

t=ty X=0 Doy, Yor — Dor  Yor
X =1 D1y Yik — D Y
X = Djk Yik .—”Djk: Y}k:
X =1 Dm Yik ._“le: Ym
X

Dmk Ymk: - Dmk: Ymk:
Dy, Y, — D, Y

o Op— E, = (D1 — E1g, ..., Dy — Epy) With
Ej, = DY/ Ys
[ var(Ok,) = (O'J%,k)mxm
— var(O;) = 02, = Yiu (Y — Yip) D (Vs — Dy) /[Y,2 (Vi — 1)]

— cov(Ojk, On) = 05, = =Y. Yie D (Y — D) /[V,2(Yi — 1)]

e test statistics: define O — E = >, (O, — E}), var(O) = >, var(Oy)
(O - E)yvar*(0)(0 — E)" ~ x7,



e Counting processes representation of O — E

— samplel: 5 =1,2,...,n1
1. data: X1; = min(T1;,C1;), A1 = I(T1; < Cij)
2. counting processes: N1;(t) = I(X1; <t,Ay; = 1), N1(t) = >, N1;(t)
3. at-risk processes: Y1,;(t) = I[(X1; > t), Yi(t) = Zj Y1, (t)

— sample2: j =1,2,...,no
1. data: Xo; = min(T»;,C2;), Noj = I(T2; < Ca;)
2. counting processes: Noj;(t) = I(X2; < t, Ao = 1), Nao(t) = ), Noj(t)
3. at-risk processes: Y2;(t) = I[(X2; > ), Y2(t) = Zj Y1, (t)

— total sample: N(t) = N1(t) + No(t), Y () = Y1 (t) + Yo(t)



— Or = Dy, = 2?1:1 dN1;(tky)

éO:ZOk:i;/OOOlej(u)
=

t(k)

— Ep = DpYir/Ye = Y iq Doy ANyt ) Y1 (b ) /Y (tary)

s [ Ya(uw)
:,E:ZEkzzzfo AN ()

t(k) i=1j=1
— Then
n 2 n;
1 o0 i OOY:L(U)
O—FE = dN7q; — dN;;
;/ 1) ;;/ 2 s )

R ) S IO PRI (O
_; /O ANy, (w) ; /O N () ; /O N (1)
B e O PN LS T S
_;/o (Y ;/o ()

_ [T Ya(u) N e 1) .
_/O 2 (o) /O e ana(u)




— (continued)

— Yo (u) w) — *Y1(u) "
O_E_/o ¥ (ay V() /o v () V2(w)

_ /OO Y1(u)Ya(u) {le(u) B ng(u)}
0 Y (u) Y1(uw) Yo (u)

= /OOO n (;,)(ZQ)(U) {d/A\l(u) — d?\Q(U)}




— or alternatively,

o [ Y2(uw)dN1(u) = Yi(u)dN2(u)
O-b= /O Y (u)

where the numerator is indeed
dN1(u)[Y2(u) — dNo(u)] — dN2(u)[Y1(u) — dN1(u)]

— c.f. single 2x2 table at a specific u

u>0 X Events No Events At-Risk

U X=1 a=dNi(u) b=Y1(u) —dNi(u) Yi(u)

X =2 c=dNy(u) d=Yo(u)—dN>(u) Yo(u)

e view 1: log-rank test statistic is simply sum of (ad — bc) over 2x 2 tables



e Log-rank statistic

* Yi(uw)Yo(u) ~ ~
/o Tt T v(a) 1) — dhaw)}

— why {Y1(u)Y2(u)}/{Y1(u) + Y2(u)}?
— harmonic mean
Yi(uw)Ya(u) !
> Vi(w) + Ya(u) Yju) + Yz%u)

— variance of difference in two proportions under null

~ 1 1 1 1
var(p1 — p2) = pq (——I——) X — + —

ni n2 ni n2

— view 2: log-rank statistic is a cumulative difference between two rates weighted
by the inverse of its variance



2. Weighted Log-rank statistics

e A general form

Y 5 Y1 (u)Y2(u)
W= /o W )Yl(u) + Y2 (u)

— statistics of the class K (Gill, 1980)

{dh1(w) - dRa(w) |

— W (-): weight function

— weighted differences in cumulative hazard functions



Choices of weight function W (+)
— W(t) = 1: Log-rank
— W(t) = c¢- Y (t): Wilcoxon rank-sum, Gehan-Wilcoxon
— W(t) = S(¢t—): Prentice-wilcoxon
— W) = S@E-)”, p > 0: Ge-family
— W(t) = S{t—)"[1 — S(t—)]": GP-family
- W(t) = K(t)[nina/(n1 + n1)]2[Y1(t) 4+ Ya(+)]/Y (£): the class K



2. Weighted Log-rank statistics

e Weighted Log-rank statistic

Y7 (w)Y2(u) {dN1 (u) sz(U)}
Yi(u) +Yo(u) | Yi(uw)  Yo(w)

W:/OOOW(U)

e How do we view it?

1. Perspective 1. weighted difference in cumulative hazard func-
tions

2. Perspective 2: weighted sum of (ad — bc) of the 2x2 tables
over time



e An equivalent form:

_ [Ty YolwYi(u) [dNi(u) dNo(u)}
e /0 e )YO(U) + Y1 (u) { Y1 (u) Yo(u)

_[o® Yo(u) Y1 (u)
=/ W(u>{y(u) AN1() = 7S dNo(u>}

— Z; = 0/1 in group 0/1, respectively

- Y1(u) =30 ZiYi(u)

Yi(u) _ Xiq ZiYi(u) _ »
Y (u) P, Yi(u)

Yo(u)

Y () =1—Z(u)




e After substitution,

[ Yo(u)
W _/O W(u){y(u) AN () — 10

— /O°° W (w) {[1 — Z(w)]dN1(u) + [0 — Z(u)]dNg(u)}

_ /OOO W(u) S {Z — Z(uw)} dN;(u)
1=1

:;/O W (u) {Z; — Z(u)} dN;(u)

e Perspective 3: weighted difference on covariates, because

N, ZY;(u) E[ZI(X > u)]

2w = n_Vi(w) | Pr(X >u)

= B(Z | X > u) = pg(u)



e Story continues:
W=3 [, W {Z - Z(}dNiCw)
= > [T W) {Zi — Z(w)} [N, ()~ Yi(w)A(u)du]
1=1

+ 3 [T W@ {2 - 2} YitwAw)du
1=1

e the second sum is zero, because

" 1 Z;iY;(u)
Z{Z Z(u)}Yi(u) = Z{i— ?31Y<u>

1 =1

}Yz(U) =0



e Eureka!

W= 3 [, W2 - Z)}dMi)

— cf. linear regression model y; = g + B1xz; + €;

— LS estimation of the second equation w.r.t. 31:

n

mn mn
Y wi(yi— 1) = > me;= > (z;— )¢
i=1 i—1

1=1



Asymptotics under Hg : A(t | Z;) = A(t)

Un() =2 3 [(W () {2~ Z()}dMi(w)
1 =1

— weighted Log-rank statistic: W = nl/2U, (1)
- Fr = o{N;(u),Y;(u), Z;;i =1,2,...n,0 <u < t}
— M;(-) are .#-martingales

— H;j(u) =n"12W(w) {Z; — Z(u)} are F-predictable

— Un(t) = X0 J§ Hi(uw)dM;(u)



Martingale CLT
= Un(t) = X0y J§nY2W (u) {Z; — Z(w)}dM;(u)
— < Up, U, > (t) should be
> i [ (7 260 viwaeod

:/Ot% S W(W)? (2 — Z(w)}2Yi(w)A(w)du
1 =1

— Assume that W(u) — w(u)
< Up,Upn > (t)

—p [[w@)?B [{Z ~ 7 21X > w)] Au)du
—=a(t)



— < Un,e,Une > (t) —p O, because

> [ [ Pw) (7 - 2]’
1=1
x I {‘n_l/zW(u) {Z; — Z(u)}‘ > e} Y;(u)A(u)du

— therefore, U, = U
var[U (t)] =a(t)
t 2 2
—/ w(u)“E [{Z — py(u)}pI(X > u)] A(uw)du

_ / ()2 E{Z — pz(u)}I(X > )|
FI(X > u)

=/O ww)2var(Z | X > w)EI(X > w)A(u)du

EI(X > uw)A(uw)du




e Weighted Log-rank statistic: W = n1/2U,,(r)

"YW —p (0, ()

e Standardized weighted Log-rank test statistic:

e How to estimate a(7)?



e We know
— «(t) equals

/Otw(u)zvar(Z | X > W) EI(X > w)A(w)du

— A(t)dt = dA(t) = dN(t)/Y (¢)
- EI(X >u) =Y (u)/n

— var(Z | X > u) = pq, where

p=E(Z|X >u)=2Z(u)
— a(7) is estimated by

1 /! 25 S
n /OW(u) Z(w)[1 — Z(w)]dN (u)



e Standardized weighted Log-rank statistics

n~L/2W _ i1 JG W) {Z; — Z(u)}dN;(u)
a(r) {0 W (w)2Z(w)[1 — Z(u)]dN;(u)}1/?
goesto .4 (0,1)

e Reject Hy when

> 1.96

for type-I error of 5%



What is weighted Log-rank test statistic anyway?

nl2W S EW(W){Z— Z(w)}dNi(u)
Jam X1 EW(W)2Z(w)[L — Z(w)]dN;(u)}L/2

— If A, =0, then dNZ(u) =0

— A =1,

x dN;(t) = 1 att = X; and 0 elsewhere

* [ W(u){Z; — Z(u)}dN;(u) = W(X){Z;—-Y1(X;) /Y (X;)} =
wi{Z; — Yi1/ Y5}

— Numerator is 31" ; w; A;(Z; — Y;1/Y;)

— Denominator is {374 wizAiYﬂYiO/Yiz}l/z



— Numerator is -, w; A;(Z; — Y;1/Y;)
— Denominator is {37 ; w?A;Y;1Y;0/ Y2 }1/?

— 2x2 table for ith failure, A; =1

¢t Z  dN(t) =1 Y()—dN(@) Y1)
X Z;=1 1 Yii —1 Y;
Ziy =20 0 Y; Y;
1 Y, — 1 Y;
X; Zi=1 0 Y; Yi1
Zi =0 1 Yio— 1 Yio
1 Y, — 1 Y;

- 0;,=2;=0/1, E; =1xY;1/Y]

— var(0;) = 1% (Y; — 1) x Y1 * Yi0/[Vi2(Y; — 1)]



e Power analysis of weighted Log-rank test statistics
1. type-l error: o« = 5%
2. power level
3. alternative hypothesis

4. error bound

e Under Hp : \g(t) = A1(t) = A(¢),
n~Y2W ~ (0, a(r))



e Alternative hypothesis
— Hy : A1(t) = Ag(t)ePnx0)
— log[A1(t | Z;)/Ao(t)] = BnZ; x 6(¢)
— 6(t): take into account of nonproportionality

— B distance between the null and an alternative

1. n1/28, — ¢ € (0, 00)

2. local alternatives: 5, — O

e Given a sample size n,

Power = Pr{|n_1/2W/\/%| > 21_q/2 | Hl}



e Aysmptotic distribution of n~1/2WW under Hq
- n PW =250 | [FW(u){Z; — Z(u)}dN;(u)

— under Hq,

E[dN;(u) | Zu_] = Y;(w)Xi(w)du = Y;(u)rg(u)e®n %X gy,

2w = Y2y | W@{Zi - Z@)}dMiw)
=1

1

+n 12y | W@ {Zi - Z@)}Yi@rowe 400 gy
=1

1

— apply MCLT



e Aysmptotic distribution of n~1/2W under Hq
- n PW =250 | [FW(u){Z; — Z(u)}dN;(u)

— under Hq,

E[dN;(u) | Fu_] = Y;(w)ri(w)du = Y;(u)rg(u)en %X gy,

2w = Y2y | W@{Zi - Z@)}dMiw)
1 =1

+n 2 50 [TW @ {Zi - 2} Y@ Ao (e Z 0y
1 =1
=Term | 4+ Term Il



e Term I: predictable variation

/07‘ n_l zn: W(U)Q{ZZ o Z(u)}Qn(u))\o(u)eﬁnzzxe(u)du
1=1

— Bn — 0 = fnZix0(u) _, 1 and Hy,, —Hg
- Term | — [§w(u)?E[(Z; — pz(w))?I1(X > u)]ro(u)du
— Term | asymptotically

A0, [ w()?Brgl(Zi — 7 (w)21(X = wAo(w)du)



e Termll:

n—1/2 gnj / "W () Z; — Z(w)}Yi(w) Ao (u)ePnZix00) gy,
— /0

1

— Taylor expansion: efnZix0(w) =1 4 5,7 x 6(u) + O(32)
— O(32) /7 is bounded

— Term Il = Term lla + Term Ilb + Term llc

e Term lla

w23 [T WW{Zi - Z(w)}Yiw)Ao(u)du = 0
1 =1



e Termllb

n~1/2 i /OTW(w{Zi — Z(u)} Z;Y;(u) Brf(u) Xo (u)du
1=1

= [ wwn? S {Zi - Z(u)} Z:Yi(u) % 128, x 8(u)ho(u)du
1=1

:/OT W(u)n_l 3 {Zi — Z(u)}zifz(u) X nl/zﬁn X 0(u) o (u)du
=1

1

— [ w(w) Bo[(Zi = nz(w)21(X = w)] x ¢ x 0(u)Ag(u)du

=¢ [ w()0() B [(Z; = 17 (w)?1(X > w)]Ao(w)du



e Termllc

- 10(B2)/B2| < M = nO(B2) = O(nB2)

- n1/20(83) = n~1/20(nB3) = o(n~1/2)
W12 3 [T42 - Z@))Yi)OE)do(u)dn
1 =1

:/OT W(uw)n~1 an (Z; — Z(w) Yy (w)o(n™ )Xo (u)du
1=1

—0



e Term Il =Term lla + Term llb + Term llc converges to

¢ | w()0u) Byo[(Z = nz(w)1(X = w)Ao(u)du

e Recall on Term |

A0, [ w()?Brgl(Zi — nz(w)2I(X = w)Ao(w)du)

e Under Hy,:

- A(w?) = [Jw(w)?Eyy[(Zi — pz(u)?1(X > u)]Xo(u)du)

n"Y2W ~ N (EA(BW), A(w))
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