2. Weighted Log-rank statistics

e Weighted Log-rank statistic

Y7 (w)Y2(u) {dN1 (u) sz(U)}
Yi(u) +Yo(u) | Yi(uw)  Yo(w)

W:/OOOW(U)

e How do we view it?

1. Perspective 1. weighted difference in cumulative hazard func-
tions

2. Perspective 2: weighted sum of (ad — bc) of the 2x2 tables
over time



e An equivalent form:

_ [Ty YolwYi(u) [dNi(u) dNo(u)}
e /0 e )YO(U) + Y1 (u) { Y1 (u) Yo(u)

_[o® Yo(u) Y1 (u)
=/ W(u>{y(u) AN1() = 7S dNo(u>}

— Z; = 0/1 in group 0/1, respectively

- Y1(u) =30 ZiYi(u)

Yi(u) _ Xiq ZiYi(u) _ »
Y (u) P, Yi(u)

Yo(u)

Y () =1—Z(u)




e After substitution,

[ Yo(u)
W _/O W(u){y(u) AN () — 10

— /O°° W (w) {[1 — Z(w)]dN1(u) + [0 — Z(u)]dNg(u)}

_ /OOO W(u) S {Z — Z(uw)} dN;(u)
1=1

:;/O W (u) {Z; — Z(u)} dN;(u)

e Perspective 3: weighted difference on covariates, because

N, ZY;(u) E[ZI(X > u)]

2w = n_Vi(w) | Pr(X >u)

= B(Z | X > u) = pg(u)



e Story continues:
W=3 [, W {Z - Z(}dNiCw)
= > [T W) {Zi — Z(w)} [N, ()~ Yi(w)A(u)du]
1=1

+ 3 [T W@ {2 - 2} YitwAw)du
1=1

e the second sum is zero, because

" 1 Z;iY;(u)
Z{Z Z(u)}Yi(u) = Z{i— ?31Y<u>

1 =1

}Yz(U) =0



e Eureka!

W= 3 [, W2 - Z)}dMi)

— cf. linear regression model y; = g + B1xz; + €;

— LS estimation of the second equation w.r.t. 31:

n

mn mn
Y wi(yi— 1) = > me;= > (z;— )¢
i=1 i—1

1=1



Asymptotics under Hg : A(t | Z;) = A(t)

Un() =2 3 [(W () {2~ Z()}dMi(w)
1 =1

— weighted Log-rank statistic: W = nl/2U, (1)
- Fr = o{N;(u),Y;(u), Z;;i =1,2,...n,0 <u < t}
— M;(-) are .#-martingales

— H;j(u) =n"12W(w) {Z; — Z(u)} are F-predictable

— Un(t) = X0 J§ Hi(uw)dM;(u)



Martingale CLT
= Un(t) = X0y J§nY2W (u) {Z; — Z(w)}dM;(u)
— < Up, U, > (t) should be
> i [ (7 260 viwaeod

:/Ot% S W(W)? (2 — Z(w)}2Yi(w)A(w)du
1 =1

— Assume that W(u) — w(u)
< Up,Upn > (t)

—p [[w@)?B [{Z ~ 7 21X > w)] Au)du
—=a(t)



— < Un,e,Une > (t) —p O, because

> [ [ Pw) (7 - 2]’
1=1
x I {‘n_l/zW(u) {Z; — Z(u)}‘ > e} Y;(u)A(u)du

— therefore, U, = U
var[U (t)] =a(t)
t 2 2
—/ w(u)“E [{Z — py(u)}pI(X > u)] A(uw)du

_ / ()2 E{Z — pz(u)}I(X > )|
FI(X > u)

=/O ww)2var(Z | X > w)EI(X > w)A(u)du

EI(X > uw)A(uw)du




e Weighted Log-rank statistic: W = n1/2U,,(r)

"YW —p (0, ()

e Standardized weighted Log-rank test statistic:

e How to estimate a(7)?



e We know
— «(t) equals

/Otw(u)zvar(Z | X > W) EI(X > w)A(w)du

— A(t)dt = dA(t) = dN(t)/Y (¢)
- EI(X >u) =Y (u)/n

— var(Z | X > u) = pq, where

p=E(Z|X >u)=2Z(u)
— a(7) is estimated by

1 /! 25 S
n /OW(u) Z(w)[1 — Z(w)]dN (u)



e Standardized weighted Log-rank statistics

n~L/2W _ i1 JG W) {Z; — Z(u)}dN;(u)
a(r) {0 W (w)2Z(w)[1 — Z(u)]dN;(u)}1/?
goesto .4 (0,1)

e Reject Hy when

> 1.96

for type-I error of 5%



What is weighted Log-rank test statistic anyway?

nl2W S EW(W){Z— Z(w)}dNi(u)
Jam X1 EW(W)2Z(w)[L — Z(w)]dN;(u)}L/2

— If A, =0, then dNZ(u) =0

— A =1,

x dN;(t) = 1 att = X; and 0 elsewhere

* [ W(u){Z; — Z(u)}dN;(u) = W(X){Z;—-Y1(X;) /Y (X;)} =
wi{Z; — Yi1/ Y5}

— Numerator is 31" ; w; A;(Z; — Y;1/Y;)

— Denominator is {374 wizAiYﬂYiO/Yiz}l/z



— Numerator is -, w; A;(Z; — Y;1/Y;)
— Denominator is {37 ; w?A;Y;1Y;0/ Y2 }1/?

— 2x2 table for ith failure, A; =1

¢t Z  dN(t) =1 Y()—dN(@) Y1)
X Z;=1 1 Yii —1 Y;
Ziy =20 0 Y; Y;
1 Y, — 1 Y;
X; Zi=1 0 Y; Yi1
Zi =0 1 Yio— 1 Yio
1 Y, — 1 Y;

- 0;,=2;=0/1, E; =1xY;1/Y]

— var(0;) = 1% (Y; — 1) x Y1 * Yi0/[Vi2(Y; — 1)]



e Power analysis of weighted Log-rank test statistics
1. type-l error: o« = 5%
2. power level
3. alternative hypothesis

4. error bound

e Under Hp : \g(t) = A1(t) = A(¢),
n~Y2W ~ (0, a(r))



e Alternative hypothesis
— Hy : A1(t) = Ag(t)ePnx0)
— log[A1(t | Z;)/Ao(t)] = BnZ; x 6(¢)
— 0(t): take into account@@nonproportionality

— B distance between the null and an alternative

1. n1/28, — ¢ € (0, 00)

2. local alternatives: 5, — O

e Given a sample size n,

Power = Pr{|n_1/2W/\/%| > 21_q/2 | Hl}


Tinja
Highlight


e Aysmptotic distribution of n~1/2WW under Hq
- n PW =250 | [FW(u){Z; — Z(u)}dN;(u)

— under Hq,

E[dN;(u) | Zu_] = Y;(w)Xi(w)du = Y;(u)rg(u)e®n %X gy,

2w = Y2y | W@{Zi - Z@)}dMiw)
=1

1

+n 12y | W@ {Zi - Z@)}Yi@rowe 400 gy
=1

1

— apply MCLT



e Aysmptotic distribution of n~1/2W under Hq
- n PW =250 | [FW(u){Z; — Z(u)}dN;(u)

— under Hq,

E[dN;(u) | Fu_] = Y;(w)ri(w)du = Y;(u)rg(u)en %X gy,

2w = Y2y | W@{Zi - Z@)}dMiw)
1 =1

+n 2 50 [TW @ {Zi - 2} Y@ Ao (e Z 0y
1 =1
=Term | 4+ Term Il



e Term I: predictable variation

/07‘ n_l zn: W(U)Q{ZZ o Z(u)}Qn(u))\o(u)eﬁnzzxe(u)du
1=1

— Bn — 0 = fnZix0(u) _, 1 and Hy,, —Hg
- Term | — [§w(u)?E[(Z; — pz(w))?I1(X > u)]ro(u)du
— Term | asymptotically

A0, [ w()?Brgl(Zi — 7 (w)21(X = wAo(w)du)



e Termll:

n—1/2 gnj / "W () Z; — Z(w)}Yi(w) Ao (u)ePnZix00) gy,
— /0

1

— Taylor expansion: efnZix0(w) =1 4 5,7 x 6(u) + O(32)
— O(32) /7 is bounded

— Term Il = Term lla + Term Ilb + Term llc

e Term lla

w23 [T WW{Zi - Z(w)}Yiw)Ao(u)du = 0
1 =1



e Termllb

n~1/2 i /OTW(w{Zi — Z(u)} Z;Y;(u) Brf(u) Xo (u)du
1=1

= [ wwn? S {Zi - Z(u)} Z:Yi(u) % 128, x 8(u)ho(u)du
1=1

:/OT W(u)n_l 3 {Zi — Z(u)}zifz(u) X nl/zﬁn X 0(u) o (u)du
=1

1

— [ w(w) Bo[(Zi = nz(w)21(X = w)] x ¢ x 0(u)Ag(u)du

=¢ [ w()0() B [(Z; = 17 (w)?1(X > w)]Ao(w)du



e Termllc

- 10(B2)/B2| < M = nO(B2) = O(nB2)

- n1/20(83) = n~1/20(nB3) = o(n~1/2)
W12 3 [T42 - Z@))Yi)OE)do(u)dn
1 =1

:/OT W(uw)n~1 an (Z; — Z(w) Yy (w)o(n™ )Xo (u)du
1=1

—0



e Term Il =Term lla + Term llb + Term llc converges to

¢ | w()0u) Byo[(Z = nz(w)1(X = w)Ao(u)du

e Recall on Term |

A0, [ w()?Brgl(Zi — nz(w)2I(X = w)Ao(w)du)

e Under Hy,:

- A(w?) = [Jw(w)?Eyy[(Zi — pz(u)?1(X > u)]Xo(u)du)

n"Y2W ~ N (EA(BW), A(w))



Recap on power calculation of weighted Log-rank

- 2w =n 250 [FW(w){Z; — Z(uw)}dN; ()
— Under Ho, n=Y2W ~ (0, (1))

— Alternative hypothesis: Hy,, : A1 (t) = A\g(¢)efnx0(t)
— A breakdown

2w = /2 | W ){2; = Z(w)ydn(w)
=1

1=

+n 12y /O W (u){Z; — Z(u)}Yi(w) Ao (u)e %00 gy
=1

1=

=Term | 4+ Term Il



e Term l:
— mean zero
— contribute random variation

— Term | asymptotically

A, [ w()?Bugl(Z; = 171X = w)Ao(w)du)



e Term ll:

w12 3 [T W) {2~ Z)}Yiw)ro()e Z 00 ay
— Jo

1=
— Taylor expansion: e?nZix0(w) =1 4 8,7; x 8(u) + O(32)

— Term Il = Term lla + Term |lb + Term llc



e Term lla is zero;:

W23 [TW ) (2~ 2}V o(udu = 0
1 =1

e Term llb converges to

¢ | w0 Byo[(Zi = nz(w)1(X = w)Ao(u)du

e Term llc converges to zero



Term | converges in distribution to

A0, [ w()Brgl(Zi — nz(w)21(X = w)Ao(w)du

Term Il converges in probability to

¢ | w0 Bug[(Z; = 12(w)?1(X = who(u)du

Let’'s define:

A@w?) = [ w@)?Bugl(Z; — 12()?1(X = w)Ao(u)du

Under Hy,,:

n"Y2W ~ ¥ (EAOW), A(w?))



e Summary on n—1/2Ww

— Under Hg: n=Y/2W ~ #(0, A(w?))

— Under Hy,,: n=Y2W ~ A (€A(Ow), A(w?))

e Binary versus Time-to-event

Binary Time-to-event
T.S. P1 — PO weighted Log-rank
Ho P1 = Po A1(t) = Ao(2)
Distn .4°(0,02)  .A4(0, A(w?))
Hi  pr=po+d Ai(t) = Ag(t)efn0(w)
Distn . (d,02) N (£A(Bw), A(w?))




e Power

Probability density
3

_ q>< £A(Ow) )

A(w2)i/2 el



e \What would affect power?

£A(fw)

— A(w2)1/2 INCreases, power iIncreases

— &: usually predetermined

— w(u): weight functions

e How do we choose w to maximize —2(0w)

A(w2)1/2



e Consider A(-): for any constant b

— Al(w —b6)?]1 >0
Al(w — b0)?] =A(w? — 2bwb + b262)
=A(0%)b? — 2bA(wh) 4+ A(w?) > 0

— A(wh)? — A(62)A(w?) <0
A(Ow)

< 21/2
A(w2)1/2 < A(07)
— equality satisfied only when
w(u) = 0(u).

— Cauchy-Schwarz Inequality



e Some examples of optimal w(w) in nonproportional alternatives

— Additive hazards model (Lin & Ying, 1994, BMKA):
BZ 1
At | Z) = Xo(t) + BZ = Ag(t)e?o) = w(u) =
Ao(u)
— Accelerated hazards model (Chen & Wang, 1999, JASA):.

Mg (w)u
Ao(w)

At | Z2) = Ao(te??) = o)+ (1) 18Z = w(u) =



o Why n'/28, — ¢
— suppose n¥8,, — & for some k > 0

— nl/28, = nl/2=knkg, ~ nl/2-k¢ we can verify in Term Ilb

« if k> 1/2,nt/28, — 0;
Term Il goes to 0 = no power whatsoever

« if k< 1/2, nl/zﬁn — 00
Term Il goes to co = always 100% power for any w(w)



3. Sample size calculation

e In practice, we have a fixed (g to be detected

— Ho 1 A1(2) = Ao(2)

— Hy : A1(t) = Ag(t)efox0(w)

e Standardized weighted Log-rank T'S".
— underHp: TS ~ A47(0,1)

— under Hy:

. (nl/zﬁoA(Gw) 1>

A(w2)1/2 ’



e Power P = Pr{|T'S| > z1_op}=1-0

n1/285A(6w) (202 + 28)2 A(w?)

— Q= —
AwA)l/Z T e T T S T g2
—w=60=1
« Log-rank for proportional hazards model

x sample size

_ (ZOA/Q —|— 25)2
BA(1)




— whatis A(1)?

« recallon A(1) = [§° E[(Z — p7(w)2I(X > w)hg(w)du
x A(1)) =n7(1 —7wx)Pr(A=1)

— Sample size is then

nPr(A=1)= Bry(1— 7))

— Expected # failures/events: Ep = nPr(A = 1)

« HR = P is hazards ratio

x 1-to-1 treatment-control assignment

B 4(204/2 —|— 25)2
D= " (log HR)?




— Example:

x type-Il error: 5%
x power: 90%
x HR = 2

+ Ep = 42/(log HR)?: 88



e Summary on comparing survival functions

— Weighted Log-rank statistic

x perspectives

* asymptotics

x power calculation
— Alternatives

— Yet to cover

« Stratified Log-rank
x K-samples

x Staggered entry in sample size calculation
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