
• Semiparametric proportional hazards model

λ(t | Z) = λ0(t) exp(βTZ)

• Estimation of β (QPS approach)

– log-likelihood function as if λ0(t) were known

l(β) =
n∑

i=1

[
∆i logλ0(Xi) + ∆iβZi −

∫ Xi

0
λ0(u) exp(βZi)du

]

– partial derivative w.r.t β

∂l

∂β
=

n∑

i=1

∫ ∞

0
Zi

{
dNi(u) − Yi(u) exp(βTZi)λ0(u)du

}

–
∂l
∂β is not enough because λ0(t) is unknown

– estimate λ0(t) by replacing Zi as if β were known



• Here is an estimating equation for β:

Sn(β) =
n∑

i=1

∫ ∞

0

{
Zi − Z̄(u;β)

}
dNi(u)

– under the proportional hazards model, this is the partial score equation

– in general, this is called quasi partial score equation

– this way of getting appropriate estimating functions is called Quasi Par-

tial Scoring (QPS).

– Estimator β̂n: Sn(β̂n) = 0



• Primary inferential questions: for true value β = β0

– consistent: β̂n →P β0

– asymptotically normal:
√

n(β̂n − β0) →D N (0, σ2)

• Secondary inferential questions

– optimality

– asymptotic properties for Breslow estimator



• From estimating function to estimators:

Sn(β̂n) − Sn(β0) = −Sn(β0) ≈ S′(β0)(β̂n − β0)

– Sn(β0): for zero mean and variation

– S′(β0): for efficiency



• Recall: Z̄(u;β) =
∑n

i=1 ZiYi(u) exp(βZi)∑n
i=1 Yi(u) exp(βZi)

• What is Sn(t;β0)?

Sn(t;β0) =
n∑

i=1

∫ t

0

{
Zi − Z̄(u; β0)

}
dNi(u)

=
n∑

i=1

∫ t

0

{
Zi − Z̄(u;β0)

}
[dNi(u) − Yi(u)λ0(u) exp(β0Zi)du

+
n∑

i=1

∫ t

0

{
Zi − Z̄(u;β0)

}
Yi(u) exp(β0Zi)λ0(u)du

=
n∑

i=1

∫ t

0

{
Zi − Z̄(u;β0)

}
dMi(u;β0)

+

∫ t

0






n∑

i=1

ZiYi(u) exp(β0Zi)−
n∑

i=1

Yi(u) exp(β0Zi)Z̄(u; β0)




 λ0(u)du

=
n∑

i=1

∫ t

0

{
Zi − Z̄(u;β0)

}
dMi(u;β0)



• Predictable variation of Un(t) = n−1/2Sn(t;β0)

< Un, Un > (t) =n−1
n∑

i=1

∫ t

0

{
Zi − Z̄(u)

}2 Yi(u) exp(β0Zi)λ0(u)du

→
∫ t

0
E

[
{Z − µZ(u)}2 Y (u) exp(β0Z)

]
λ0(u)du

• Properties of Sn(t; β0):

1. ESn(t;β0) = 0

2. independent increment for s ≤ t

cov[Sn(s;β0){Sn(t;β0)− Sn(t;β0)}] = 0

3. var{n−1/2Sn(t;β0)} = E < Un, Un > (t)



• Consistency (sketch of a proof)

– roughly, −Sn(β0) ≈ S′(β0)(β̂n − β0)

– by WLLN, n−1Sn(β0) →P 0

– for arbitrary β 6= β0

n−1Sn(β)−n−1Sn(β0)

= − n−1
n∑

i=1

∫ t

0

{
Z̄(u; β) − Z̄(u;β0)

}
dNi(u)

→P Γ(β) = −
∫ t

0
{µ(u;β) − µ(u;β0)} dPr{X ≤ u,∆ = 1}

– we can verify

∂µ(u;β0)

∂β
=

E[{Z − µ(u, β0)}2 exp(β0Z)Y (u))]

E[exp(β0Z)Y (u))]
> 0

provided Z is not constant



– then for Γ(β)

1. n−1Sn(β) →P Γ(β)

2. Γ(β) and n−1Sn(β) are strictly decreasing

3. Γ(β0) = 0

– similar to the Glivenko-Cantelli Lemma ⇒ n−1Sn(β) →P Γ(β) uni-

formly in β ∈ U(β0)

– for any ε > 0, there exists sufficiently large n, s.t.

Sn(β0 − ε) > 0, Sn(β0 + ε) < 0

therefore, β̂n ∈ (β0 − ε, β0 + ε) with sufficiently large probability

– β̂n →P β0



• Asymptotic normality

– partial score equation

Sn(β) =
n∑

i=1

∫ ∞

0

{
Zi − Z̄(u;β)

}
dNi(u)

– mean value expansion: for β∗
n lies between β̂n and β0

Sn(β̂n) = 0 = Sn(β0) +
∂Sn(β)

∂β

∣∣∣∣∣
β=β∗

n

(β̂n − β0)

⇒n1/2(β̂n − β0) =



−n−1∂Sn(β)

∂β

∣∣∣∣∣
β=β∗

n





−1

× n−1/2Sn(β0)

– recall

n−1/2Sn(β0) →D N (0, σ2)



– slope:

∂Sn(β)

∂β
= −

n∑

i=1

∫ ∞

0

∑n
j=1{Zj − Z̄(u)}2 exp(β0Z)Yj(u)

∑n
j=1 exp(β0Z)Yj(u)

dNi(u)

– since β̂∗
n → β0,

−n−1∂Sn(β)

∂β

∣∣∣∣∣
β=β∗

n

→
∫ ∞

0

E[{Z − Z̄(u)}2 exp(β0Z)Y (u)]

E[exp(β0Z)Y (u)]
dPr{X ≤ u,∆ = 1} = σ2

– therefore

n1/2(β̂n − β0) →D N (0, σ−2)



• How to estimate σ−2

σ̂−2 =


n−1

n∑

i=1

∆i
∑n

j=1{Zj − Z̄(Xi)}
2 exp(β̂nZj)Yj(Xi)

∑n
j=1 exp(β̂nZj)Yj(Xi)



−1

• therefore, standardized version

β̂n − β0
[
∑n

i=1

∫∞
0

∑n
j=1{Zj−Z̄(u)}2 exp(β̂nZ)Yj(u)

∑n
j=1 exp(β̂nZ)Yj(u)

dNi(u)

]−1/2
→D N (0,1)

• what if β0 = 0 and Z = 0/1?



• denote SZ(u; β) =

∑n
j=1{Zj−Z̄(u)}2 exp(βZ)Yj(u)∑n

j=1 exp(βZ)Yj(u)

• 95% confidence interval for β0 is

β̂n ± 1.96 ×




n∑

i=1

∫ ∞

0
SZ(u; β̂n)dNi(u)



−1/2



• Hypothesis testing on H0 : β = β0: rejects H0 at 5% type-I error

– Wald’s test:
∣∣∣∣∣∣∣∣

β̂n − β0
[∑n

i=1

∫∞
0 SZ(u; β̂n)dNi(u)

]−1/2

∣∣∣∣∣∣∣∣
≥ 1.96

– score test: ∣∣∣∣∣
Sn(β0)

v̂ar[Sn(β0)]

∣∣∣∣∣ ≥ 1.96

i.e.,
∣∣∣∣∣∣∣∣

∑n
i=1

∫∞
0

{
Zi − Z̄(u;β0)

}
dNi(u)

[∑n
i=1

∫∞
0 SZ(u;β0)dNi(u)

]1/2

∣∣∣∣∣∣∣∣
≥ 1.96



• what if β = 0 and Z = 0/1 in score test:

∑n
i=1

∫∞
0

{
Zi − Z̄(u;β0)

}
dNi(u)

[∑n
i=1

∫∞
0 SZ(u;β0)dNi(u)

]1/2

–

SZ(u; β0) =

∑n
j=1{Zj − Z̄(u)}2 exp(β0Z)Yj(u)

∑n
j=1 exp(β0Z)Yj(u)

= Z̄(u){1−Z̄(u)}

– score test becomes the Log-rank test



• Summary on QPS estimation approach

– write down full likelihood function

– partial derivative with respect to the finite-dimensional parameter of in-

terest

– use unit weight to derive an estimator for the infinite-dimensional nui-

sance parameter

– solve the quasi-partial score equation

– derive asymptotics

• What’s the probability structure underlying QPS approach?



• Partial likelihood

– order the complete failure times by t(1), t(2), . . . , t(K)

– Z(i) is the covariate corresponding to t(i)

– let Γi denote all the information available up to time t(i) and a failure

occurred at t(i), Γk
⋃
{Z(k)} ⊂ Γk+1

∗ Γ =
⋃K

i=1 Γi = {(Xj,∆j, Zj), j = 1,2, . . . , n}

∗ Γ =
⋃K

i=1{Γi
⋃
{Z(i)}} =

⋃
{Γ1, Z(1); . . . ; ΓK, Z(K); Γ}



– full likelihood is Pr{Γ = γ; β, λ0(·)}

– decomposed into product of conditional likelihood

Pr{Γ1 = γ1}

×Pr{Z(1) = z(1) | Γ1 = γ1}

×Pr{Γ2 = γ2 | Z(1) = z(1),Γ1 = γ1}

×Pr{Z(2) = z(2) | Z(1) = z(1),Γ1 = γ1, Γ2 = γ2}

· · ·

– for a general k,

Pr{Z(k) = z(k) | Z(k−1) = z(k−1),Γk−1 = γk−1,Γk = γk}

=Pr{Z(k) = z(k) | Γk = γk}

– partial likelihood

PL =
K∏

k=1

Pr{Z(k) = z(k) | Γk = γk; β, λ0(·)}



• what is Pr{Z(k) = z(k) | Γk = γk;β, λ0(·)}

– conditional Γk, nk individuals are at-risk with covariate values of Zkj,

j = 1, . . . , ni

– assuming no-ties, this probability equals to Z(k) failed given exactly

one out of nk subjects failed at t(k)

Pr{Z(k) = z(k) | Γk = γk;β, λ0(·)} =
λ(t(k) | Z(k))∑nk
j=1 λ(t(k) | Zij)

– proportional hazards model: λ(t | Zij) = λ0(t) exp(βZij) and λ(t |

Z(k)) = λ0(t) exp(βZ(k))

– partial likelihood

PL =
K∏

k=1

exp(βZ(k))∑nk
j=1 exp(βZij)

=
n∏

i=1


 exp(βZi)∑n

j=1 exp(βZj)I(Xj ≥ Xi)



∆i



• partial score function

– log partial-likelihood

l(β) =
n∑

i=1

∆i


βZi − log

n∑

j=1

exp(βZj)I(Xj ≥ Xi)




– partial score function

∂l

∂β
=

n∑

i=1

∆i


Zi −

∑n
j=1 Zj exp(βZj)I(Xj ≥ Xi)
∑n

j=1 exp(βZj)I(Xj ≥ Xi)




=
n∑

i=1

∫ ∞

0


Zi −

∑n
j=1 Zj exp(βZj)I(Xj ≥ u)
∑n

j=1 exp(βZj)I(Xj ≥ u)


 dNi(u)

=
n∑

i=1

∫ ∞

0

{
Zi − Z̄(u;β)

}
dNi(u)



• Proportional hazards model for multivariate covariates Z ∈ Rp

λ(t | Z) = λ0(t) exp(βTZ)

– β = (β1, . . . , βp)T is p-vector

– partial score function

Sn(β) =
n∑

i=1

∫ ∞

0

{
Z

p×1
i − Z̄p×1(u, β)

}
dNi(u)

where

Z
p×1
i =




Zi1
Zi2
. . .
Zip




p×1

, Z̄p×1(u, β) =




Z̄1(u, β)
Z̄2(u, β)

. . .
Z̄p(u, β)




p×1



– n−1/2Sn(β0) →D N (0,Σ(β0)), where Σ(β0) is the limit of

n−1
n∑

i=1

∫ ∞

0

∑n
i=1

{
Zi − Z̄

}
p×1

{
Zi − Z̄

}T
1×p exp(βZj)Yi(u)

∑n
i=1 exp(βZj)Yi(u)

dNi(u)

=n−1
n∑

i=1

∫ ∞

0

∑n
i=1

{
Zi − Z̄

}⊗2
p×p exp(βZj)Yi(u)

∑n
i=1 exp(βZj)Yi(u)

dNi(u)

where v⊗0 = 1, v⊗1 = v and v⊗2 = vvT .

– partial derivative

−
∂Sn(β∗

n)

∂β p×p
→ Σ(β0)

–

n1/2(β̂n − β0) →D N (0,Σ−1(β0))



• Estimation of baseline hazard function (Breslow estimator)

Λ̂0(t; β̂n) =
∫ t

0

∑n
i=1 dNi(u)

∑n
i=1 Yi(u) exp(β̂T

n Zi)

– consistent

– asymptotic normality: n1/2[Λ̂0(t; β̂n) − Λ0(t)] equals

n1/2[Λ̂0(t;β0) − Λ0(t)] + n1/2[Λ̂0(t; β̂n) − Λ̂0(t;β0)]

= Term I + Term II



– Term I:

n1/2
n∑

i=1

∫ t

0

dMi(t;β0)∑n
i=1 exp(βT

0 Zi)Yi(u)

– sum of martingale residuals with predictable variation

n
n∑

i=1

∫ t

0

Yi(u) exp(βT
0 Zi)λ0(u)du

[
∑n

i=1 exp(βT
0 Zi)Yi(u)]2

→
∫ t

0

λ0(u)du

E[exp(βT
0 Z)Y (u)]

= σ2
1(t)



– Term II: mean value expansion

n1/2[Λ̂0(t; β̂n) − Λ̂0(t;β0)]

=n1/2(β̂n − β0)
∫ t

0

∑n
i=1 exp(β∗T

n Zi)ZiYi(u)dN(u)

[
∑n

i=1 exp(β∗T
n Zi)Yi(u)]2

–

∫ t

0

∑n
i=1 exp(β∗T

n Zi)ZiYi(u)dN(u)

[
∑n

i=1 exp(β∗T
n Zi)Yi(u)]2

→ µ(t)

–

n1/2(β̂n−β0) l

n−1/2∑n
i=1

∫∞
0 {Zi − Z̄}dMi(u;β0)∫∞

0 S2
Z(u;β0)dN(u)

→D N (0, σ−2)



– covariance between Term I and Term II

n∑

i=1

∫ t

0

dMi(t; β0)∑n
i=1 exp(βT

0 Zi)Yi(u)
,

n∑

i=1

∫ ∞

0
{Zi − Z̄(u)}dMi(u; β0)

– predictable covariation

n∑

i=1

∫ t

0

∑n
i=1{Zi − Z̄(u)} exp(βT

0 Zi)Yi(u)λ0(u)du
∑n

i=1 exp(βT
0 Zi)Yi(u)

= 0

– Term I and II are uncorrelated

–

n1/2[Λ̂0(t; β̂n) − Λ0(t)] → N

(
0, σ2

1(t) +
µ(t)2

σ2

)
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