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SUMMARY

In contrast to the proportional hazards model, the additive risk model specifies that
the hazard function associated with a set of possibly time-varying covariates is the sum
of, rather than the product of, the baseline hazard function and the regression function of
covariates. This formulation describes a different aspect of the association between covari-
ates and the failure time than the proportional hazards model, and is more plausible than
the latter for many applications. In the present paper, simple procedures with high
efficiencies are developed for making inference about the regression parameters under the
additive risk model with an unspecified baseline hazard function. The subject-specific
survival estimation is also studied. The proposed techniques resemble the partial-
likelihood-based methods for the proportional hazards model. A real example is provided.
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1. INTRODUCTION

The additive and multiplicative risk models provide the two principal frameworks for
studying the association between risk factors and disease occurrence or death. As eluci-
dated by Breslow & Day (1980, pp. 53—-9; 1987, pp. 122-31), both modelling approaches
have sound biological and empirical bases, providing complementary information about
the association. The hazard function for the failure time T associated with a p-vector of
possibly time-varying covariates Z(.) takes the form

Mt; Z) = 4o(t) + BoZ(1) (1-1)

under the additive risk model (Cox & Oakes, 1984, p. 74; Thomas, 1986; Breslow & Day,
1987, p. 182) and takes the form

Mt; Z) = Ag(t)e?o?® (1-2)

under the multiplicative risk model (Cox, 1972), where f, and y, are p-vectors of regression
parameters. The additive and multiplicative models intersect when 4,(.) is time-invariant
and the exponential regression form in (1-2) is replaced by the linear form {1 + y5Z(t)},
in which case S, = 1¢7,.

In biomedical applications, the failure time T is often subject to left-truncation and
right-censoring. Furthermore, due to the complexity of biological processes, it is desirable



62 D. Y. LIN AND ZHILIANG YING

not to parameterize the baseline hazard function 44(.). The main statistical challenge then
becomes the semiparametric estimation of regression parameters with left-truncated and
right-censored observations. The estimation of the baseline hazard function and subject-
specific survival curves may also be of scientific interest.

In order to draw semiparametric inference for model (1-2), Cox (1972; 1975) introduced
the partial likelihood approach, which eliminates the nuisance quantity Ay(.) from the
score function for y,. The resulting maximum partial likelihood estimator possesses asym-
ptotic properties similar to those of the standard maximum likelihood estimator (Tsiatis,
1981; Andersen & Gill, 1982). Such desirable theoretical properties, together with the
simple interpretation of the results and the wide availability of computer programs, have
made the multiplicative risk model the current method of choice in survival analysis.

Although additive risk models in various forms have been eloquently advocated and
successfully utilized by numerous authors, e.g. Aalen (1980), Breslow & Day (1980,
pp. 55, 58), Pocock, Gore & Kerr (1982), Buckley (1984), Pierce & Preston (1984),
Thomas (1986), Breslow & Day (1987, pp. 122-31, 142-46), Aalen (1989), Huffer &
McKeague (1991), no satisfactory semiparametric methods of estimation have been devel-
oped for model (1-1). The lack of progress is attributed to the fact that the partial likelihood
approach cannot be directly used to eliminate the nuisance function A¢(.) in estimating .

In the next section of this paper, a simple semiparametric estimating function for f, is
constructed, which mimics the martingale feature of the partial likelihood score function
for y,. The resulting estimator, which takes an explicit form, is consistent and asymptoti-
cally normal with an easily estimated covariance matrix. Also presented in §2 is an
estimator for the cumulative baseline hazard function under model (1-1), which parallels
the Breslow (1972) estimator for the corresponding quantity under model (1-2). A real
example is provided in § 3 for illustration. In § 4, semiparametric efficiencies of the pro-
posed estimator and some alternatives are studied. Several remarks follow in § 5.

2. INFERENCE PROCEDURES
Consider a set of n independent subjects such that the counting process {N;(¢);t >0}
for the ith subject in the set records the number of observed events up to time t. The
intensity function for N;(t) is given by
Yi(t) dA(t; Z;) = Yi(t){d Ao(2) + Bo Z(1) dt} (2-1)
under model (1-1), and by
Yi(2) dA(t; Z;) = Yi(£)eo* D d Ao(t) (22)

under model (1-2), where Y;(t) is a 0-1 predictable process indicating, by the value
1, whether the ith subject is at risk at time ¢, Z;(.) is the covariate process for the ith
subject, and

Ao(t) = J‘t Ao(u) du.

0

The counting process N;(.) can be uniquely decomposed so that for every i and ¢,

t

Ni(t)=Mi(t)+f Yi(u) dA(w; Z,), (23)

0

where M;(.) is a local square integrable martingale (Andersen & Gill, 1982). In view of
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relationship (2-3), it is natural to estimate A,(t) by

o X0 (AN ) — V() B'Z,(w) du}
Ao(B, 1) = J;) Z;zl Yj(u) (24)
under model (2-1), and by
-~ ey dN;(w)
AO(% t) = J;) Z;=1 Yj(u)e?'Zj(u) (25)

under model (2-2), where ﬁ and § are consistent estimators. Estimator (2-5) is commonly
credited to Breslow (1972).
The partial likelihood score function for y, can be written as

f Z(1) {dN,(t) — Yi(1)e" O dRo(y, 1)} (2:6)
i=14J0

Mimicking (2-6), we propose to estimate f§, from the following estimating function
up)= 2 f Z(1){dN,(t) — Yi(2) dAo(B, 1) — Ti(1)B'Zi(t) i},
i=1 J0O

which is equivalent to
U(p)= i f {Zi(t) — Z(t)} {dN,(1) — Yi(1) B'Z(t) dt}, (27)
i=1J0
where

20= Y v | ¥ %)

The resulting estimator takes the explicit form
ﬁ=[i f :'i(t){z,-(t)—Z(r)}@Zdt] [z f {Zi(t)—Z(t)}dN,-(t)} (28)
i=1 Jo i=1Jo

where a®? =aa'.
A simple algebraic manipulation yields

U= 3 | 120~ 200 avgo,

which is a martingale integral. It then follows from standard counting process arguments
(Andersen & Gill, 1982) that the random vector n™ % U(f,) converges weakly to a p-variate
normal with mean zero and with a covariance matrix which can be consistently
estimated by

B=n"! i Joo {Z.(t)— Z(t)}®* dNy(1).
i=1 Jo

Furthermore, the random vector n%(fi—ﬁo) converges weakly to a p-variate normal
with mean zero and with a covariance matrix which can be consistently estimated by
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A 'BA™!, where

A=n"1Y f T YOz - 20y de.
i=1 JO

Calculations of B, A and B are all straightforward, especially for time-independent
covariates. They may even be calculated by hand for small data sets. A general FORTRAN
program is available from the first author. Simulation studies have shown that the afore-
mentioned asymptotic approximations are very satisfactory for practical sample sizes; the
degrees of accuracy are fairly comparable to those of the partial likelihood procedures
under model (1-2).

The estimator for Ay(.) given in (2-4) provides the basis for estimating/predicting sur-
vival experience. Standard counting process techniques can again be employed to prove
that the process n* {AO( ﬂ .)—Ay(.)} converges weakly to a zero-mean Gaussian process
whose covariance function at (¢, s) (¢ > s) can be consistently estimated by

1 Ly ANW) + C'(t)A"*BA~1C(s) — C'(1)A~1D(s) — C'(s)A~ ' D(¢)
o (X1, V)2 ()}2 ’
where
[, (P2 1Ziw) — Zw)} dN,w)
C(t) = L Z(u) du, D(f)= L YR .

Let S(¢; z) denote the survival function for an individual with a given covariate vector
z(.). Then it is natural to estimate S(t; z) by

S(t; z) = exp {—Ao(ﬁ, t) — J t B'z(u) du}. (2:9)

The process n* {S(.; z) — S(.; z)} converges weakly to a zero-mean Gaussian process whose
covariance function at (¢, s) (¢ > s) can be consistently estimated by

s Zl 1 ‘()
X YWy

+ G'(t; 2)A™1D(s) + G'(s; Z)A_ID(t)},

S(t; 2)S(s; 2) [ + G'(t;2)A"'BA1G(s; 2)

where
G(t;z)= ft {z(u) — Z(w)} du.
0

The survival function estimation has also been implemented in our computer program.
As they stand, estimators (2-4) and (2-9) may not always be monotone in t. However,
simple modifications can be made to ensure monotonicity while preserving the given
asymptotic properties. For example, we may define
A¥(t)=max Ay(B,s), S*(t; z)=min S(s; 2).
s<t

s<t

Under appropriate regularity conditions, A¥ and A, are asymptotically equivalent in the
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sense that IA\?;A— Ap= 0,(n" %) so that n*(A¥ — A,) converges to the same limiting distri-
bution as n*(A, — A,). Here we only provide a heuristic argument for this equivalence.
Suppose that Ay(t) is positive for every t. Then for n=22 <np<n~ 153,

Ao(t) = Aot — 1) = Ao(tNn + [{Ao(t) — Ao ()} — {Ag(t — ) — Aot —m)}],

where t'e(t —n, t) and the argument [Af in A, is suppressed. By the asymptotic linearity
of Ay, the term inside the square brackets of the preceding equation can be shown to be
of the order o,{(n/n)*~*} = 0,(n'**) for some ¢ >0, implying that Ay(t)> Aq(t—#) for
large n. Moreover, uniformly in s <t—n" 13,

Ao(t) — Ao(s) = Ao(t¥)n 1P + 0,(n~12) > 0,

where t* € (s, t). Combining the case of s <t —n~ ! with that of se [t —n"'3,t —n"23],
we have

Aot —n™P) < Af(t—n~2P) < Ao(1)

for large n. Hence, A} and A, are equivalent since Ao(t) — Ag(t —n~2P) =0, (n"12).
The equivalence between S* and S can be argued in a similar manner.

3. A REAL EXAMPLE

We now apply the methods described in the last section to the South Wales nickel
refiners study (Breslow & Day, 1987, Appendix ID). Men employed in a nickel refinery
in South Wales were investigated to determine the risk of developing carcinoma of the
bronchi and nasal sinuses associated with the refining of nickel. The cohort was identified
using the weekly paysheets of the company and followed from the year 1934 until 1981.
Appendix VIII of Breslow & Day (1987) contained complete records for 679 workers
employed before 1925, to whom attention is henceforth confined. The follow-up through
1981 uncovered 137 lung cancer deaths among men aged 40-85 years and 56 deaths from
cancer of the nasal sinus. Since the workers had been working in the company for various
periods of time before the follow-up was initiated, their survival times were subject to left
truncation. A right-censored observation arose either because the worker died from a
competing cause or because he was still alive on the date of data listings.

Breslow & Day (1987, § 4.10) fitted both relative and excess risk models to grouped
data on lung cancer deaths among the Welsh nickel refiners, and concluded that the two
models fitted the data equally well. These authors also analyzed the continuous data on
the nasal sinus cancer mortality using the proportional hazards model (Breslow & Day,
1987, pp. 222-3). They considered the survival time to be years since first employment
and found three significant risk factors: age at first employment, AFE, year at first employ-
ment, YFE, and exposure level, Exp. Their final results are given under the multiplicative
risk model columns in Table 1.

The additive risk model columns in Table 1 display the results from fitting (1-1) to the
same data. It is interesting to note that the parameter estimates under model (1-1) are
much smaller than those of model (1:2), which is not surprising since the former pertain
to the risk differences whereas the latter to the risk ratios. The chi-squared statistics for
testing individual covariate effects, however, are very comparable between the two models.
Incidentally, in his analysis of a clinical trial, Aalen (1989) also found close agreement
between test statistics for individual covariate effects when using additive and multiplicat-
ive risk models.



