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Miller has studied the asymptotic efficiency of the nonparametric, Kaplan–Meier survival estimator relative to parametric estimates based
on the exponential and Weibull distributions. He concluded that in certain cases, the asymptotic efficiency is low and recommended that
analysts give more consideration to parametric estimators, particularly for estimation of small tail probabilities. In this article we revisit
this issue and examine the performance of the nonparametric procedure for estimation not only of a point on the survival curve, but
also of the mean (or restricted mean) lifetime. In addition to the exponential and Weibull families, we consider the performance of the
Kaplan–Meier procedure relative to a more flexible parametric model proposed by Efron. We find that the reduction in efficiency of the
Kaplan–Meier survival estimate becomes negligible fairly quickly as the number of parameters in the parametric model increases. Moreover,
for estimation of the mean or restricted mean, the loss in efficiency, even relative to the exponential distribution, is small or nil. We conclude
that a parametric estimate of the survival curve may be necessary in certain extreme situations, such as when the sample size is very small.
In these cases, careful attention must be given to considering the degree of fit, although with sparse data, this must be assessed from outside
sources. For certain functionals of the survival curve, such as the mean or restricted mean, the nonparametric approach is unbiased and
entails little or no loss in efficiency, and therefore would generally be preferred over a parametric-based estimate.
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1. INTRODUCTION

Twenty-three years ago, after the publication of “Nonpara-
metric Estimation from Incomplete Observations” by Kaplan
and Meier (1958), Rupert Miller wrote a textbook titled Sur-
vival Analysis (Miller 1981), which gave a thorough review of
the Kaplan–Meier method as well as various parametric distri-
butions and procedures for survival analysis. Two years later he
published an article titled “What Price Kaplan–Meier?” (Miller
1983), in which he “explained” why the Kaplan–Meier method
is inefficient and recommended, when possible, a parametric
analysis—using, say, the exponential or Weibull distribution—
instead. That article has been widely quoted, but we argue that
although Miller is logically correct, there are compelling rea-
sons for preferring the nonparametric approach.

In his introduction, Miller (1983, p. 1077) wrote:
The product-limit [or Kaplan–Meier] estimator is attractive because it is easy
to compute and understand. It has an asymptotic normal distribution with an
estimated variance that is easily computed by Greenwood’s formula. For the
underlying probability structure, no assumptions are required other than the
basic one of independence between the survival and censoring variables. In fact,
the product-limit estimator is so seductive that there is a danger of becoming
mentally lazy and not considering parametric modeling. Is there a price to be
paid for this easy living?

Miller considered point estimates of the survival function when
the true underlying distribution is exponential or Weibull, de-
riving asymptotic efficiencies for the Kaplan–Meier estimator
relative to the parametric ones. He noted that “the asymptotic
efficiencies of the Kaplan–Meier estimator are low, especially
for high censoring proportions or for surviving fractions that are
close to one or zero.” He argued for the parametric approach,
even though he agreed that the exponential (or Weibull) distri-
bution may not be quite right:
The efficiencies have been computed on the ‘home turf’ of the maximum like-
lihood estimator, that is, under the assumption that the parametric family of
distributions has been correctly selected. But in practice where is the oracle
that informs the statistician of the correct choice? In the limit, as n → ∞, the
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mean square error for the Kaplan–Meier estimator will tend to zero, unlike that
for the maximum likelihood estimator (Miller 1983, p. 1080).

Miller closed by alluding to studies under way of the robust-
ness of the parametric approach when the assumed underlying
model is incorrect, but unfortunately he died 2 years after the
article was published. Such studies have since been undertaken
by several authors, and we discuss the findings from two such
studies (Klein and Moeschberger 1989; Aranda-Ordaz 1987).
We also consider another aspect of the problem not addressed
by Miller—one that we feel is more relevant—namely, estima-
tion of a functional of the survival distribution, that is, the mean
or, more suitably for censored data, the restricted mean (Irwin
1949; Kaplan and Meier 1958; Meier 1975; Karrison 1987).

We begin with a discussion of the noncensored case in Sec-
tion 2. This is familiar territory, and we find that although the
efficiency of the Kaplan–Meier estimator [equivalent to that of
the empirical distribution function (edf )] can indeed be low
in the exponential case for estimation of a point on the sur-
vival curve, the efficiency is essentially 1.0 for estimation of
the mean. We then consider censored data in Section 3, first
for point estimation and then for the restricted mean. The for-
mer includes a description of robustness findings reported in
the literature, as well as a comparison of a more flexible (rel-
ative to other parametric models) modeling approach proposed
by Efron (1988) with the Kaplan–Meier estimator. We provide
a discussion and concluding remarks in Section 4.

2. NONCENSORED CASE

2.1 Point Estimate of Survival Function

Miller first considered the case of an underlying exponential
distribution with exponential censoring and derived a formula
for the asymptotic efficiency of the Kaplan–Meier estimator rel-
ative to the maximum likelihood estimator (MLE). If there are
no censored data, then the relative efficiency can be obtained
more simply, as follows. Let T1, T2, . . . , Tn denote indepen-
dent and identically distributed survival times with distribu-
tion function F(t) and survival function S(t) = 1 − F(t). For
uncensored data, the Kaplan–Meier estimator is just the com-
plement of the edf, that is, ŜKM(t) is the proportion of pa-
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tients with survival times exceeding t , and it has binomial
variance S(t)(1 − S(t))/n. For the exponential survival distrib-
ution, Sλ(t) = exp(−λt), and the likelihood function is given by

L(λ) =
n∏

i=1

λ exp(−λti), (1)

where the ti are the observed random survival times. From (1),
the MLE for λ is easily found to be λ̂ = 1/t̄ , the reciprocal
of the mean survival time, with asymptotic variance, given by
the inverse of the Fisher information, equal to var(λ̂) = λ2/n.
The parametric estimate of the survival rate at time t is then
Ŝλ(t) = exp(−λ̂t), and the asymptotic variance of Ŝλ(t) can be
computed using the delta method,

var(Ŝλ(t)) =
(

dSλ(t)

dλ

)2

var(λ̂) = t2(exp(−λt))2 λ2

n
. (2)

The asymptotic efficiency, Eff , of the edf (i.e., the Kaplan–
Meier estimator) relative to the parametric estimator is then the
ratio of (2) to the binomial variance

Eff = (λt)2

exp(λt) − 1
. (3)

At surviving fractions of .50, .25, and .10, the efficiencies
are .48, .64, and .59. These are the same as the values given
in the last row of Miller’s table 1.

Thus the edf itself entails a loss in efficiency when consid-
ering a point estimate on the curve. This should not be unex-
pected, because it is ignoring information about the shape of
the distribution function that the parametric estimator is exploit-
ing. Of course, to be comfortable about using that information,
we need to be reasonably sure that our parametric assumptions
are correct.

2.2 Estimate of Mean Survival Time

When comparing two distributions, we ordinarily compare
the means, X̄1 − X̄2. But when the life table and its standard er-
ror (SE) were first computed (Greenwood 1926), the SE of the
mean was not considered; only the SE of the estimated survival
function itself was included. Consequently, instead of compar-
ing means, many people calculated the SE of the survival func-
tion at various places along the time scale and observed whether
the rates were significantly different at some place. If this was
indeed so, then they would declare the difference in survival
to be “significant.” (Of course, this did not allow for the selec-
tion of the point at which the difference, or z-statistic for the
difference, was a maximum.) Some early work on this prob-
lem was done by Berger and Gold (1961) (see also Forsythe
and Frey 1970), but was largely ignored in favor of alternative
approaches comparing the overall survival curves, such as the
Gehan–Wilcoxon test (Gehan 1965) and the log-rank test (Peto
and Peto 1972).

Now it can be shown through a simple integration by parts
that the mean, µ, is the area under the survival function, and that
the sample mean is the area under the complement of the edf.
Furthermore, the sample mean is also the MLE for the expo-
nential distribution, so that in this case the efficiency of the es-
timator derived from the edf (i.e., the Kaplan–Meier curve) is in
fact 1.0! So the type of index that one seeks to estimate matters
a great deal.

The comparison does not end here, however, because al-
though the estimated mean is the same in both instances, the
estimated variances are different. For the parametric estimator,
because µ̂ = 1/λ̂, the estimated variance (again applying the
delta method) is

V̂λ(µ̂) = µ̂2/n. (4)

However, for the Kaplan–Meier estimator, the estimated vari-
ance in the uncensored case (see the Appendix) is given by

V̂ (µ̂) = 1

n2

n∑

i=1

(ti − t̄ )2. (5)

If the data are truly exponential, then σ 2 = µ2, and thus
(4) and (5) have similar expectations. However, distributions
different from the exponential can have lower or higher vari-
ances. For example, a uniform distribution with the same mean
would have one-third the exponential variance. (Note that the
Kaplan–Meier variance is the correct variance; the maximum
likelihood result applies only to the exponential.)

Actually, in almost all cases we use the asymptotic normality
of the mean (i.e., the central limit theorem) to analyze the data.
Thus we find Fisher (1969), arguing that “even if the original
distribution were not exactly normal, that of the mean usually
tends to normality, as the size of the sample is increased; the
method is therefore applied widely and legitimately to cases in
which we have not sufficient evidence to assert that the origi-
nal distribution was normal. . . .” Later others introduced a num-
ber of transformations to reduce skewness and stabilize the
variance, such as the square root and logarithmic transforma-
tions. The data analyzed by Fisher on the difference in hours of
sleep gained by a soporific (see Fisher 1969, table 27) are quite
clearly skewed to the right, but Fisher carried out the analy-
sis without any comment on it. He depended on the central
limit theorem, which had been adopted by Gauss (1821) much
earlier. (We hope that these are adequate “oracles.”) A further
problem with the exponential is that other distributions are very
close to it. For example, the lognormal imitates it quite closely
at the start, and compares well with it up to a surviving frac-
tion of .4 (see Fig. 1). In that case, of course, after a logarith-
mic transformation, the MLE is once again the sample mean,
with the usual form for the variance, 1

n2

∑n
i=1 (yi − ȳ)2, where

yi = log ti .

Figure 1. Exponential [µ = exp(1.50)] ( ) and Lognormal (µ = 1.13,
σ = 1.26) ( ) Survival Distribution Functions.
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In summary, it seems clear to us that although the paramet-
ric estimator may offer an advantage for estimating the survival
rate at a given point in time, the nonparametric approach is pre-
ferred for estimating the mean when the data are complete.

Now let us see what censoring does.

3. CENSORED CASE

3.1 Point Estimate of Survival Function

The observed random variables are ti = min(Ti,Ci) and
δi = I (Ti ≤ Ci), where the Ci are independent and identically
distributed censoring times assumed to be independent of the
survival times. The Kaplan–Meier estimator is then given by
ŜKM(t) = ∏

t(i)≤t (1 − d(i)/n(i)), where t(i) is the time of the ith
ordered death, d(i) is the number of deaths, and n(i) is the num-
ber of patients at risk at time t(i). Computation of the MLE,
at least for the censored exponential case, is comparatively
simple: Ŝλ(t) = exp(−λ̂t), where λ̂ = (

∑n
i=1 δi/

∑n
i=1 ti), the

number of deaths per person-years (depending on the time
units) of follow-up. The efficiency results were derived by
Miller (1983) and essentially parallel those for the uncensored
case. The efficiency of the product-limit estimator depends on
both the point at which the survival function is being estimated
and the degree of censoring. For example, in the exponential
case (with exponential censoring), the efficiency at a modest
level of censoring is .56 at a surviving fraction of .50 and .46
at a surviving fraction of .10; whereas for relatively heavy
censoring, these efficiencies are .64 and .21. In the Weibull
case, S(t) = exp(−(λt)α), with exponential censoring and es-
timation of both the index (α) and scale (λ) parameters, the
efficiencies are somewhat greater, but still not high. We ac-
knowledge that for point estimation, the efficiency of the non-
parametric approach can be low relative to a fully parametric
procedure, and this will translate into higher mean squared er-
ror (MSE) when the assumed form of the distribution is correct.
But if the fitted model is incorrect, then the bias could be sub-
stantial. Although hazard plotting and other graphical methods
can guide the choice of parametric distribution, one cannot of
course be sure that the right one has been selected or easily ad-
just the estimated standard error for this uncertainty.

Klein and Moeschberger (1989) conducted a rather exhaus-
tive robustness study for small and small-to-moderate-sized
samples. They examined the results of fitting exponential,
Weibull, normal, lognormal, exponential power, log-logistic,
Pareto, and Gompertz models to data arising from various true
underlying hazard rates corresponding to each of these fami-
lies as well as a bathtub-shaped hazard function. They com-
pared the MSE from the parametric fit with that obtained using
the Kaplan–Meier estimator for small and moderate-sized sam-
ples with varying degrees of censoring. They considered the
MSE integrated over the 0–95th percentiles of the distribution,
as well as at selected points along the curve. As might be ex-
pected, the exponential MLE was not robust and thus usually
performed poorly relative to the Kaplan–Meier estimator when
the data were not drawn from a distribution with constant un-
derlying hazard. The results for the other models were mixed,
but in most cases the parametric estimator outperformed the
nonparametric estimator, and the authors concluded that “a sta-
tistician armed with the Weibull, log-logistic and exponential

power distribution MLEs can provide better estimates . . . than
one armed only with the Kaplan–Meier estimator.”

Two points about these findings should be noted, however.
First, the Weibull distribution did not perform well when the
underlying distribution was normal or lognormal and the sam-
ple size was 50, or when the data were generated from a log-
logistic distribution; the exponential power distribution did not
perform well for normal, lognormal, or log-logistic data; and
the log-logistic distribution did poorly when the underlying dis-
tribution was exponential power and the sample size was 50.
Hence the suggested three-fold modeling strategy and the need
to carefully assess fit. Second, at the sample sizes studied, it
is likely that the variance dominated the squared bias. As the
sample size increases, the advantages of parametric modeling
will decrease, because the Kaplan–Meier estimator is essen-
tially unbiased, whereas the parametric estimator is not (under
the wrong model). Because censoring decreases the effective
sample size, the relative performance of the Kaplan–Meier es-
timator would also be expected to decrease with increased cen-
soring, as Klein and Moeschberger also noted. The issue is
complicated, however, by the fact that in their simulations,
if the longest observation tmax was censored, then the value
ŜKM(tmax) was imputed for t > tmax in the Kaplan–Meier es-
timator. [An alternative choice, suggested in Efron (1967), is
to define ŜKM(t) = 0 for t > tmax.] This leads to a bias in the
Kaplan–Meier estimator in the tail of the distribution, affecting
the MSE in this region as well as the integrated MSE, an effect
that becomes more pronounced as the degree of censoring in-
creases. In our view it is preferable to simply leave the estimator
undefined in such cases.

Aranda-Ordaz (1987) examined the robustness of the
Kaplan–Meier estimator relative to exponential and Weibull
MLEs under corresponding exponential and Weibull mixture
models for the true survival distribution, when the mixing is
ignored in the model fitting. Both small and large sample sizes
and censoring proportions of 0, .25, and .50 were considered.
The mixing proportion was varied from .05 (reflecting mild
contamination with outliers) to .40 (heavy mixing). The MSEs
for estimation of the survival curve for the parametric and
Kaplan–Meier estimators were then compared.

The MSE following exponential fitting was lower than that
for Kaplan–Meier in all situations except the large-sample case
(n = 500) without censoring and at the higher surviving frac-
tions and mixing proportions. This is in accord with the ex-
pectation that the bias would eventually dominate the MSE as
the effective sample size increases. Interestingly, under Weibull
mixtures, the results were less in favor of parametric fitting.
At n = 500 and moderate levels of mixing the Kaplan–Meier
estimator almost always performed better. But at n = 25 and
n = 50 and 5% contamination, the parametric procedure was
clearly preferable. In other situations the results were mixed,
although in most of the configurations the MSE from the para-
metric approach was less than that for Kaplan–Meier. It should
be noted that in the simulations the index parameter for the
Weibull distribution was fixed. As Aranda-Ordaz mentioned, if
this parameter was also estimated, then the relative performance
of the parametric procedure would decrease.

Suppose that we take a middle-ground approach, such as
the “partial logistic regression” technique proposed by Efron
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Figure 2. Cubic-Linear Spline Estimator ( ) versus Kaplan–Meier
( ), Treatment Arm A (from Efron 1988).

(1988), which he described as “parametric regression modeling
on censored data in a flexible way that provides both estimates
and standard errors.” The example that Efron used involves a
moderate degree of censoring occurring mostly toward the end
of the observation period. The data are from a randomized clin-
ical trial in head and neck cancer patients comparing radia-
tion therapy (arm A) with radiation therapy and chemotherapy
(arm B). A total of 51 patients were entered onto arm A of the
trial and 45 onto arm B. This is a good example, because the
data were analyzed with alternative models and because Efron
gave the individual survival times for censored and noncensored
observations. Efron suggested dividing the time axis into inter-
vals and fitting a logistic regression model to the discrete haz-
ard rates. For arm A of the trial, Efron’s preferred model is a
cubic-linear spline model, for which the logit is a cubic func-
tion of time before 11 months and a linear function thereafter.
This model has five parameters when the join point is consid-
ered, and Efron derived the standard error for the estimated haz-
ard rates that includes an additional error term for estimating
the join. He showed rather nicely that this estimator provides
a good fit to the data and is noticeably less variable than non-
parametric estimates of the hazard rate, which are known to
behave poorly.

The estimated survival function using Efron’s method is ob-
tained as a product of the conditional probabilities and is shown
in Figure 2 for arm A, along with the Kaplan–Meier curve. The

two curves are seen to be quite close. What is surprising, how-
ever, is the fact that the SEs for the two sets of estimates are also
fairly similar (Table 1), with the Kaplan–Meier estimate ex-
hibiting no more than a 25% increase (usually much lower) and
in some cases a decrease in the SE relative to that for the cubic-
linear spline model. (As in Efron 1988, here we compare SEs
for the estimated log survival function rather than the survival
function itself, to remove the factor Ŝ(t) from the standard error
calculation.) Thus fitting just five parameters in the paramet-
ric model eliminates much of the gain in efficiency it achieves
over the nonparametric approach. Even a four-parameter cubic
model, which according to Efron did not fit the data adequately,
resulted in only slightly smaller SEs. Note that although it is
impossible to estimate the hazard rate fully nonparametrically,
the log survival curve is an integral of the hazard function (i.e.,
the negative of the cumulative hazard). The effect of the in-
tegration or smoothing is to bring the efficiency of the non-
parametric estimator relative to the parametric procedure closer
to 1. Incidentally, Efron provided his own version of the life
table estimate, noting that the SEs for the parametric estimates
were only slightly smaller than those for the life table estimates.
Figure 3 shows a comparison of Efron’s life table estimates with
the Kaplan–Meier estimates for both treatment arms in the can-
cer study. The two curves are virtually identical, so that Efron’s
report that the life table estimate does quite well means that the
Kaplan–Meier estimate also does quite well.

3.2 Estimate of Restricted Mean

If the data are subject to censoring, then it may not be possi-
ble, or even desirable, to estimate the mean survival time. For
example, as discussed earlier, if the longest observation is cen-
sored, then the Kaplan–Meier estimator is not really defined
beyond this point. To accommodate censoring, Irwin (1949)
proposed estimating the mean lifetime restricted to a suitably
chosen time T , that is,

µT =
∫ T

0
S(t) dt. (6)

Irwin used the actuarial survival estimator for S(t) in (6) to es-
timate µT and derived a formula for its variance. Meier (1975)
showed that substitution of the product-limit estimator, ŜKM(t),
in (6) provides an unbiased estimate that is asymptotically nor-
mal. Karrison (1987) extended the method to incorporate co-
variates into the analysis under a piecewise exponential model.

Table 1. Estimated Survival Functions and Standard Errors for Head and Neck Cancer Trial, Treatment Arm A

Estimated survival Estimated standard errors for log survival

Month Cubic-linear Kaplan–Meier Cubic-linear Kaplan–Meier % difference

1 .985 .980 .031 .020 −36.2
3 .860 .842 .059 .061 3.3
5 .642 .641 .090 .106 17.5
7 .483 .501 .129 .141 9.4
9 .402 .397 .155 .176 13.4

11 .359 .354 .186 .194 4.1
15 .295 .259 .256 .248 −3.0
20 .235 .183 .286 .320 11.9
25 .191 .183 .309 .320 3.6
30 .159 .183 .319 .320 .3
35 .134 .183 .324 .320 −1.2
40 .115 .126 .338 .420 24.2
45 .100 .126 .436 .420 −3.7
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Figure 3. Comparison of Kaplan–Meier ( ) and Efron’s Life Table
Estimates ( ) for Head and Neck Cancer Study, Treatment Arms
A and B.

Meier provided a formula for the variance of µ̂T , but a sim-
pler version was given by Klein and Moeschberger (2003). As
before, let t(1) < t(2) < · · · < t(D) denote the D ordered dis-
tinct death times, and let d(i) denote the number of deaths
and n(i) denote the number of individuals remaining at risk at
time t(i). Then

V̂ (µ̂T ) =
D∑

i=1

[∫ T

t(i)

ŜKM(t) dt

]2 d(i)

n(i)(n(i) − d(i))
. (7)

Now in the exponential case,

µT =
∫ T

0
exp(−λt) dt = 1

λ

(
1 − exp(−λT )

)
, (8)

and the parametric estimate can be obtained by replacing λ

in (8) with λ̂. An estimate for the variance via the delta method
is then

V̂λ(µ̂T ) =
[

exp(−λ̂T )(1 + λ̂T ) − 1

λ̂2

]2

Vλ(λ̂). (9)

If we have minimal censoring, then the restricted mean (6)
with T set to the longest observed survival time will be either
a valid estimate of the mean itself (if the longest observation
corresponds to a death) or only a slight underestimate (if the
longest observation corresponds to a censoring). In this situa-
tion, the relative efficiency should be close to 1.0, and the non-
parametric estimate is preferable for the reasons discussed in
Section 2.2.

In the more typical study we will have moderate or even
heavy censoring, and for this case we consider an example that
goes way back—predating even Kaplan–Meier—to an article
by Merrell and Shulman (1955) examining the prognosis of
patients with systemic lupus erythematosus (SLE). A total of
99 patients were followed from the date of diagnosis until the
date of death (31 observations) or date last known alive (68 ob-
servations). The Kaplan–Meier survival curve from this study
is shown in Figure 4. The 4-year survival rate just barely ex-
ceeds 50%, at which time only four subjects remained at risk,

Figure 4. Survival After Diagnosis of SLE, Exponential ( ) versus
Kaplan–Meier ( ).

with respective subsequent survival times of 53+, 54, 56+,
and 57+ months (where + denotes censoring). Thus the sur-
vival rate at the limit of the observation period is far from 0,
and estimating the overall mean survival time is out of the ques-
tion. We could seek to estimate the restricted mean at T = 57
months, but because of the censoring, the SE of the survival rate
is fairly high at this point (15.5%). To ensure that the SE of the
survival estimate is less than 10%, the number of subjects re-
maining at risk should be at least 13 (see Karrison 1997). This
occurs at 39 months, but for convenience we consider estima-
tion of the restricted mean at T = 36 months, or 3 years.

The estimate of mean lifetime restricted to 36 months us-
ing the Kaplan–Meier curve is µ̂T = 26.7 months with a SE,
obtained from (7), of 1.50 months. (One interpretation of this
index is that the SLE patients achieved 26.7/36 = 74.2% of to-
tal possible life-years over this time period.) If one proceeds
parametrically, note that an exponential model does not pro-
vide a very good fit to the data (see Fig. 4), although fitting
a Weibull model with two parameters does not significantly in-
crease the log-likelihood. In any case, substituting the estimated
scale parameter, λ̂ = .0156, into (8) gives µ̂T = 27.5 months
for the estimated mean life restricted to 3 years. Of most inter-
est here, however, is the fact that the SE based on (9) is 1.33,
just slightly less than that for the nonparametric estimator. So in
this example, only little loss in efficiency results from using the
Kaplan–Meier procedure to estimate the restricted mean. Note
that, analogous to shifting from estimating the hazard rate to
the (log) survival curve discussed in Section 3.1, estimating the
restricted mean involves a second integration, this time of the
survival function itself.

The foregoing example suggests that with censored data, the
efficiency of the Kaplan–Meier procedure for estimating the re-
stricted mean should be quite good. We addressed this issue
more systematically by performing a simulation study. Follow-
ing Miller (1983), we generated 50 survival times, Ti , from an
exponential distribution with scale parameter λ. We generated
independent random censoring times, Ci , from an exponen-
tial distribution with scale parameter ν and took the observed
survival time as ti = min(Ti,Ci). The expected proportion of
observations censored by this mechanism, the censoring pro-
portion (CP), is then given by CP = Pr(Ci < Ti) = ρ/(1 + ρ),
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Table 2. Efficiency of the Estimation of Restricted
Means by the Kaplan–Meier Method Relative to

the MLE for the Exponential Distribution

SF

CP .50 .25 .10

.50 .92 .97 .87

.25 .86 .93 .98
0 .83 .90 .94

NOTE: CP, censoring proportion; SF, surviving fraction.

where ρ = ν/λ. For convenience, we set λ to 1 and consid-
ered CPs of 0, .25, and .50 (ν = 0, 1/3, and 1). Mean life was
restricted to values of T corresponding to surviving fractions
(SFs) of .50, .25, and .10 (T = .693, 1.39, and 2.30). Any ob-
servations with ti > T were then “administratively” censored
at time T , so that even for the case with CP = 0, we are still
dealing with a restricted mean.

We ran a total of 10,000 simulations for each combination
of CP and SF. Computation was performed in S–PLUS. For
each generated dataset, the restricted mean was estimated non-
parametrically using (6), substituting the Kaplan–Meier esti-
mator for the survival function, and parametrically using (8),
substituting the MLE for the scale parameter. The variances of
these estimates over the 10,000 simulations were then calcu-
lated and the relative efficiency derived as the ratio of the vari-
ance of the parametric estimate to the nonparametric estimate.
The results are given in Table 2.

The efficiencies are seen to be fairly high, ranging from .83
to .98. For SFs of .50 and .25, the efficiency decreases with
decreasing CP, whereas at SF = .10, this relationship does not
hold. Overall, the results indicate that one does not give up very
much by taking the nonparametric approach.

4. DISCUSSION

It is well known that estimation of the hazard function
presents a number of difficulties, just as does estimation of the
density function for uncensored data. Although several non-
parametric techniques have been proposed in the literature,
most based on some form of kernel smoothing (see, e.g., Tanner
and Wong 1984; Efron 1988), the hazard function itself has
rarely been used to draw inferences or to make comparisons,
say, between two treatment groups. The attractiveness of the
widely used Cox (1972) regression model for assessing the ef-
fects of treatments or covariates is that it avoids estimation of
the underlying hazard rate.

The survival curve is a more friendly target, because, being
a function of the cumulative hazard function, it has already
undergone one smoothing operation, that of integration. Al-
though estimating the survival curve nonparametrically entails
a loss in efficiency, application of Efron’s partial logistic re-
gression technique suggests that this loss becomes small fairly
quickly as the number of parameters in the parametric model
increases. Thus, when facing the bias–variance trade-off, the
choice comes down to deciding whether a model with very
few parameters adequately fits the data. How “adequate” the
fit needs to be will depend on the sample size. Robustness stud-
ies indicate that for small to moderate sample sizes, particularly
when censoring is heavy, the parametric approach can offer ad-

vantages relative to Kaplan–Meier in terms of MSE, although
this advantage diminishes with increasing sample size. Miller’s
assertion that estimation of survival rates should be performed
via parametric modeling has perhaps not been given sufficient
consideration in practice, but its applicability may be more lim-
ited than a casual reading of Miller’s article would imply.

There are further considerations beyond balancing bias with
variance that weigh in favor of the Kaplan–Meier estimator.
First, the variance is always estimable, whereas bias is not.
Using diagnostics to assess the fit of a parametric model and
then conditioning on the chosen model is problematic in the
sense that there is no accounting for the (possibly erroneous)
choice of distributions. Therefore, even in those situations of
moderate misspecification in which a parametric fit has higher
efficiency than the Kaplan–Meier curve, the parametric esti-
mate of MSE (as equal to the variance) may be biased down-
ward. This may lead to anticonservative conclusions, which in
some situations can be disastrous. Second, certain features of a
distribution (e.g., hazard peaks at specific times or multimodal-
ity) may not be fittable using existing parameterizations. This
difficulty is surmountable but still inconvenient. Third, although
the Kaplan–Meier curve’s small-scale roughness accounts for
much of its variability, the human eye tends to smooth it out.
(If it did not, then one could easily connect the midpoints of the
vertical drops to render a continuous curve.) An exception may
be when the data are very sparse (see Lee et al. 2002 for an ex-
ample), although even here the degree of fit of the model would
need to be assessed from external sources. We also acknowl-
edge that parametric models are useful for performing sample-
size calculations, where exponential (or more general Weibull)
survival is frequently assumed. When estimating an integral of
the distribution function, resulting in a weighted average, the
nonparametric approach is superior. In the uncensored case, the
area under the Kaplan–Meier curve is the same as the sample
mean and thus is fully efficient, at least in the exponential and
normal cases. Furthermore, we have seen that for censored data,
nonparametric estimation of the restricted mean involves a rel-
atively minor loss in efficiency. Note that the restricted mean
involves two integration steps, first of the hazard function and
then of the survival curve itself, which drives the efficiency of
the nonparametric estimation procedure closer to 1. Given its
unbiasedness, we feel that it is hard to argue for a parametric
alternative when considering functionals of the survival curve
such as the mean or restricted mean.

APPENDIX: VARIANCE OF MEAN SURVIVAL TIME

Show that V̂ (µ̂) = 1
n2

∑n
i=1 (ti − t̄ )2 in the uncensored case.

A convenient form for the variance of the nonparametric estimate of
the restricted mean was given by Klein and Moeschberger (2003),
eq. (4.5.2),

V̂ (µ̂T ) =
D∑

i=1

[∫ T

ti

Ŝ(t) dt

]2 di

ni(ni − di)
, (A.1)

where D is the total number of deaths, ti is now the time of the ith or-
dered death, di is the number of deaths, and ni is the number of pa-
tients at risk at time ti . Note that in the uncensored case D = n and
T = tn. Assuming no ties and working from right to left (adding the
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horizontal slices of the survival curve rather than the vertical), we have

V̂ (µ̂) =
[
(tn − tn−1)

1

n

]2 1

2(1)

+
[
(tn − tn−2)

1

n
+ (tn−1 − tn−2)

1

n

]2 1

3(2)

+
[
(tn − tn−3)

1

n
+ (tn−1 − tn−3)

1

n

+ (tn−2 − tn−3)
1

n

]2 1

4(3)
+ · · ·

+
[
(tn − t1)

1

n
+ (tn−1 − t1)

1

n
+ · · · + (t2 − t1)

1

n

]2

× 1

n(n − 1)

= 1

n2

[
(tn − tn−1)2 1

2
+ (tn + tn−1 − 2tn−2)2 1

2(3)

+ (tn + tn−1 + tn−2 − 3tn−3)2 1

3(4)
+ · · ·

+ (
tn + tn−1 + · · ·

+ t2 − (n − 1)t1
)2 1

(n − 1)n

]
. (A.2)

The result will be established if it can be shown that the term in square
brackets is equal to

n∑

i=1

t2
i −

(
n∑

i=1

ti

)2/
n = (n − 1)

n

n∑

i=1

t2
i − 2

n

∑

i<j

ti tj .

Thus we need to show that the coefficient of each squared term in (A.2)
is (n−1)

n and the coefficient of each cross-product term is − 2
n . The

proof makes repeated use of the fact that
∑k

i=1
1

i(i+1)
= k

(k+1)
, which

can be shown by a simple induction argument.
Now the coefficient of t2

n in (A.2) is

1

2
+ 1

6
+ 1

12
+ · · · + 1

n(n − 1)
=

n∑

i=2

1

(i − 1)i

=
n−1∑

i=1

1

i(i + 1)
= (n − 1)

n
,

and the same is true for t2
n−1. The coefficient of the general t2

n−i term,
for i ≥ 2, is

i2

i(i + 1)
+

n−2∑

j=i

1

(j + 1)(j + 2)
= i

(i + 1)
+

n−1∑

j=i+1

1

j (j + 1)
.

Because i
i+1 = ∑i

j=1
1

j (j+1)
, this expression reduces to

∑n−1
j=1

1
j (j+1)

= (n−1)
n .

The general cross-product term in (A.2) (i < j , i = 0,1,2,

. . . , n − 2) is

2tn−i tn−j

(
−j

j (j + 1)
+

n−2∑

k=j

1

(k + 1)(k + 2)

)

= 2tn−i tn−j

(
− 1

(j + 1)
+

n−1∑

k=j+1

1

k(k + 1)

)

= 2tn−i tn−j

(
− 1

j + 1
+ (n − 1)

n
−

j∑

k=1

1

k(k + 1)

)

= 2tn−i tn−j

(
− 1

j + 1
+ (n − 1)

n
− j

j + 1

)

= 2tn−i tn−j

(
− 1

n

)
,

and the proof is complete.

[Received June 2003. Revised January 2004.]
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